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s u m m a r  y
T h i s  t h e s i s  d e s c r i b e s  the p r o b l e m  of f i n i t e  
a m p l i t u d e  a c o u s t i c  w a v e s  in f l u i d s  w h e n  d i f f r a c t i o n  
e f f e c t s  a r e  a l s o  i m p o r t a n t .  To  s t u d y  t his p r o b l e m  t h e  
e x a m p l e  of a c i r c u l a r  p l a n a r  p i s t o n  t r a n s m i t t e r  is u s e d .
A b r i e f  r e v i e w  of the c u r r e n t  l i t e r a t u r e  on 
the f i n i t e  a m p l i t u d e  f i e l d  of  a c i r c u l a r  p i s t o n  is 
g i v e n .  T h i s  p r e c e d e s  a s e t  of e x p e r i m e n t a l  r e s u l t s  
w h i c h  p r o v i d e  s u p p o r t  for the c u r r e n t  t h e o r i e s  .
T h e  m a i n  c o n c e r n  is w i t h  the d e v e l o p m e n t  of a 
n u m e r i c a l  m o d e l  w h i c h  d e s c r i b e s  the f i n i t e  a m p l i t u d e  
a c o u s t i c  f i e l d  w i t h i n  the n e a r - f i e l d  or f r e s n e l  r e g i o n .  
T h e  m o d e l ,  a l t h o u g h  o n e  d i m e n s i o n a l ,  is a b l e  to p r e d i c t  
the g e n e r a t i o n  of h a r m o n i c s  w i t h i n  the w h o l e  of the 
n e a r - f i e l d  r e g i o n .  H o w e v e r ,  o n l y  the h a r m o n i c
a m p l i t u d e s  on the a c o u s t i c  a x i s  of the p i s t o n  a r e  t a k e n  
as an e x a m p l e .  P r e d i c t i o n  of h a r m o n i c  g r o w t h ,  h a r m o n i c  
p h a s e  a n d  w a v e f o r m  s h a p e  is u n d e r t a k e n .  It is f o u n d  
t h a t  the g r o w t h  of the h a r m o n i c s  w i t h i n  the n e a r - f i e l d  
is n o t  m o n o t o n i e ,  an o s c i l l a t i o n  in b o t h  a m p l i t u d e  a n d 
p h a s e  is o b s e r v e d  w i t h  i n c r e a s i n g  d i s t a n c e .  T h e  r e s u l t s  
g i v e  r i s e  to w a v e f o r m  s h a p e s  w h i c h  are a s y m m e t r i c  w i t h  
r e s p e c t  to t h e i r  c o m p r e s s i o n  a n d  r a r e f a c t i o n  p h a s e s .  
R e s u l t s  f r o m  t h e  m o d e l  are c o m p a r e d  w i t h  e x p e r i m e n t a l  
m e as u r e m e n  t s .
T h r o u g h o u t  r e f e r e n c e  is c o n t i n u a l l y  m a d e  to 
the a c o u s t i c  f i e l d  w i t h i n  the n e a r - f i e l d  for the c a s e  of 
i n f i n i t e s i m a l  w a v e s .  T h i s  s u b j e c t  is d i s c u s s e d  in an 
a p p e n d i x ,  g i v i n g  a r e v i e w  of the l a r g e  a m o u n t  of
l i t e r a t u r e  on the s u b j e c t .  A l s o ,  a n e w  c l o s e d - f o r m  
e x p r e s s i o n  is d e v e l o p e d  f o r  the l i n e a r  f i e l d  in t h i s  
r e g i o n .
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L i s t  of s y m b  o 1s .
T h e  f o l l o w i n g  l i s t s  the m a j o r  s y m b o l s  u s e d  
g i v i n g  t h e i r  d e f i n i t i o n s  or a r e f e r e n c e  to the e q u a t i o n  
or f i g u r e  w h e r e  t h e y  a r e  d e f i n e d .  S o m e  s y m b o l s  h a v e  
m u l t i p l e  d e f i n i t i o n s ,  t h e s e  d e f i n i t i o n s  do n o t  a p p e a r  in 
the s a m e  s e c t i o n s  a n d  w h e r e  t h e y  a r e  u s e d  th e  d e f i n i t i o n  
is c l e a r .  T h i s  has b e e n  d o n e  to p r e s e r v e  c o m p a t i b i l i t y  
w i t h  o t h e r  l i t e r a t u r e .
a D e f i n e s  the g e o m e t r y  a = l / 2  c y l i n d r i c a l ,
a=l s p h e r i c a l ,  a = 0  p l a n e ,  
a P i s t o n  r a d i u s ,
c S p e e d  of  s o u n d .
f S t r e c h e d  o c o - o r d i n a t e .  ( Eq. 2 . 1 5 )
fi f m o d i f i e d  to i n c l u d e  d i r e c t i v i t y .  (Eq. 2 . 2 5 )
h L e n g t h  of s t e p  in R u n g e - K u t t a  m e t h o d .  (Eq. 5 . 6 )
k W a v e  n u m b e r .
kx,ky,kz C o m p o n e n t s  of k in r e s p e c t i v e  d i r e c t i o n s .
kx,k'y,k'z C o m p o n e n t s  of s e c o n d  h a r m o n i c  w a v e  v e c t o r  .
Ix,ly,lz C o m p o n e n t s  of k in r e s p e c t i v e  d i r e c t i o n s ,
p A c o u s t i c  p r e s s u r e ,
pg P l a n e  w a v e  a c o u s t i c  p r e s s u r e ,
q S o u r c e  s t r e n g t h  (Eq. 5 . 9 )
r S p h e r i c a l  r a d i a l  c o - o r d i n a t e .
Tq R a d i a l  c o - o r d i n a t e  of a s p e c i f i c  p o i n t ,  ( f i g .  2 . 4 )
t T i m e .
t I n t e g r a t i o n  v a r i a b l e .  (Eq. 2 . 3 7 )
t I n t e g r a t i o n  v a r i a b l e .  (Eq. A 2 . 6 1 )
to.ti (Eq. 2 . 3 7 )
1
Uo P l a n e  w a v e  p a r t i c l e  v e l o c i t y .
u I n t e g r a t i o n  v a r i a b l e .  (Eq. A 3 . 7 )
V I n t e g r a t i o n  v a r i a b l e .  (Eq. A 3 . 7 )
w k a  sin(^) (Eq. A 2 . 4 5 )
X C a r t e s i a n  c o - o r d i n a t e .
X q C a r t e s i a n  c o - o r d i n a t e  at a s p e c i f i c p o i n t .
X« P l a n e  w a v e  s h o c k  f o r m a t i o n  d i s t a n c e .
y C a r t e s i a n  c o - o r d i n a t e .
y, C a r t e s i a n  c o - o r d i n a t e  at a s p e c i f i c p o i n t .
z C a r t e s i a n  c o o r d i n a t e .
Zo C a r t e s i a n  c o - o r d i n a t e  at a s p e c i f i c p o i n t .
B„ C o e f f i c i e n t  in F o u r i e r  s i n e  s e r i e s .
D„ D i r e c t i v i t y  of n t h  h a r m o n i c .
G n C o e f f i c i e n t  in F o u r i e r  s e r i e s .  (Eq. 5 . 2 )
H„ C o e f f i c i e n t  in F o u r i e r  s e r i e s .  ( E q . 5 .2)
I I m p u l s e  r e s p o n s e .
L L e n g t h  of arc. ( f i g .  A 2 . 1 0 )
R D i s t a n c e  f r o m  s o u r c e  p o i n t  to f i e l d p o i n t
Ri, R 2 I n t e g r a t i o n  l i m i t s .  (E q  A 2 . 8 )
R' D i s t a n c e .  (Eq. A 2 . 1 7 )
R" D i s t a n c e .  (Eq. A 2 . 1 8 )
Ro R a y l e i g h  d i s t a n c e .
U D i m e n s i o n l e s s  p a r t i c l e  v e l o c i t y .  U = u/c
V V e l o c i t y  on p i s t o n  s u r f a c e .  (Eq. A 2 . 28)
w W  = ( ~ ) Oo
Za (Eq. 2 . 3 7 )
a A b s o r p t i o n  c o e f f i c i e n t .
a S p h e r i c a l  c o - o r d i n a t e  (r, OL,p) . (Eq.
ttn A b s o r p t i o n  c o e f f i c i e n t  o f f  n t h  h a r m o n i c .
P N o n - l i n e a r i t y  p a r a m e t e r .
2
p I n t e g r a t i o n  v a r i a b l e ,  ( f i g .  A 2 . 1 )
P S p h e r i c a l  c o - o r d i n a t e  (r,a,P) . (Eq. A 1 . 1 8 )
Y I n t e g r a t i o n  v a r i a b l e ,  ( f i g .  A 2 . 4 )
Y q A n g l e .  (Eq. A 2 .6)
^ M a c h  n u m b e r .  U q/C
S p h e r i c a l  c o - o r d i n a t e .  (
It O f f  a x i s  n o r m a l i s e d  d i s t a n c e  x / a .
P I n t e g r a t i o n  v a r i a b l e .
P q S t a t i c  d e n s i t y .
0 D i s t o r t i o n  d i s t a n c e .  P ^ S
0 I n t e g r a t i o n  v a r i a b l e
O q D i s t o r t i o n  d i s t a n c e  c o r r e s p o n d i n g  to .
S D i m e n s i o n  l e ss s p h e r i c a l  c o - o r d i n a t e  kr.
T D i m e n s i o n l e s s  r e t a r d e d  t i m e  or p h a s e .
^ D i m e n s i o n l e s s  v e l o c i t y  p o t e n t i a l .
^ S p h e r i c a l  c o - o r d i n a t e  (r,-&,4^)
w  A n g u l a r  f r e q u e n c y ,
r G o l d b e r g  n u m b e r .  kPeAx
A S h o c k  t h i c k n e s s .  (Eq. 2 . 2 2 )
^^ S m a l l  s i g n a l  v e l o c i t y  p o t e n t i a l .
$2 F u n d a m e n t a l  v e l o c i t y  p o t e n t i a l .  (Eq. 2 . 3 0 )
^ 0 S e c o n d  h a r m o n i c  v e l o c i t y  p o t e n t i a l .  (Eq. 2 . 3 0 )
^ P l a n e  w a v e  v e l o c i t y  p o t e n t i a l .
A l l  f u n c t i o n s  a r e  s t a n d a r d  as d e f i n e d  in
A b r a m o w i t z  a n d  S t e g u n  (1) w i t h  the f o l l o w i n g  a d d i t i o n s .
 ̂ * I;
A _ Ji ( y (k S a O  a)  -   —  ----------
/ (k^+a  ) a
A ( ^ ) =  ka  s in ( 3 ) )  
kasin(O)
f ( w )  H a n k e l  t r a n s f o r m  of f ( | i )  
F ( w )  F o u r i e r  t r a n s f o r m  of f(M-)
C h a p t e r  1
In t r o d u c  t i o n .
If a p l a n e  s i n u s o i d a l  w a v e  of f i n i t e  a m p l i t u d e
is p r o p a g a t e d  in a d i s s i p a t i o n l e s s  f l u i d  it w i l l  n o t
k e e p  its s i n u s o i d a l  s h a p e .  T h e  w a v e f o r m  w i l l  d i s t o r t ,
the l o c a l  p a r t i c l e  v e l o c i t y  b e i n g  d e p e n d e n t  u p o n  the
a m p l i t u d e  of the s i g n a l .  As the w a v e f o r m  p r o p a g a t e s  t h e  
p e a k s  t r a v e l  f a s t e r  t h a n  the l o w e r  a m p l i t u d e  r e g i o n s ,  
s t e e p e n i n g  up th e  l e a d i n g  e d g e .  In the l i m i t i n g  c a s e  a 
s a w t o o t h  w a v e f o r m  is d e v e l o p e d  w h i c h  c o n t i n u e s  to 
p r o p a g a t e  in the f l u i d .  T h e  d i s t a n c e  at w h i c h  t h e
w a v e f o r m  b e c o m e s  a s a w t o o t h  d e p e n d s  u p o n  the i n i t i a l  
l e v e l  of the s i g n a l ,  the f r e q u e n c y  a n d  v a r i o u s
c h a r a c t e r i s t i c  p a r a m e t e r s  of the f l u i d .  T h i s  n o n l i n e a r  
e f f e c t  is i n h e r e n t  in the b a s i c  e q u a t i o n s  of a c o u s t i c s .  
T h e  s i m p l i s t i c  v i e w  of a n o n - d i s t o r t i n g  p r o p a g a t i n g  
w a v e f o r m  is a r e s u l t  of a p p r o x i m a t i o n s  m a d e  fo r  
i n f i n i t e s i m a l  s i g n a l s .
T h i s  p l a n e  w a v e  c a s e  w a s  o r i g i n a l l y  s o l v e d  by
E a r n s h a w  in 1 8 6 0  (2). S i n c e  t h e n  the d e v e l o p m e n t  of
n o n - l i n e a r  a c o u s t i c  t h e o r y  has p r o g r e s s e d  t h r o u g h  th e
i n c l u s i o n  of a b s o r p t i o n ,  d i s p e r s i o n  a n d  d i f f e r e n t
s p r e a d i n g  g e o m e t r i e s  to the s u b j e c t  of t h i s
d i s s e r t a t i o n ;  the i n c l u s i o n  of n o n - l i n e a r  e f f e c t s  w i t h  
d i f f r a c t i o n .  To  s t u d y  t his p r o b l e m  t h e  e x a m p l e  of a 
c i r c u l a r  p i s t o n  has b e e n  t a k e n .  T h i s  is the m o s t  w i d e l y  
s t u d i e d  a c o u s t i c  t r a n s m i t t e r  b e c a u s e  of its
m a t h e m a t i c a l l y  s i m p l e  s h a p e ,  as c o m p a r e d  w i t h  s a y  a
r e c t a n g u l a r  p i s t o n ,  a n d  b e c a u s e  of its w i d e  p r a c t i c a l  
use in a c o u s t i c  t r a n s d u c e r s .
In c h a p t e r  2 t h e  c u r r e n t  t h e o r i e s  a v a i l a b l e  
d e s c r i b i n g  the n o n - l i n e a r  f i e l d  o f  a c i r c u l a r  p i s t o n  a r e  
d i s c u s s e d .  T h e r e  a r e  in f a c t  t h r e e :  L o c k w o o d ,
B l a c k s t o c k  a n d  M u i r  (3) h a v e  s t u d i e d  the p r o b l e m  at 
l a r g e  d i s t a n c e s  w h e r e  the p i s t o n  c a n  be v i e w e d  as a 
p o i n t  s o u r c e  a n d  t h e  s p r e a d i n g  g e o m e t r y  is s p h e r i c a l .  
T h i s  s i m p l i f i e s  the p r o b l e m  e n o r m o u s l y  a n d  p r o d u c e s  s o m e  
w e l l  t e s t e d  a n a l y t i c a l  r e s u l t s .  I n g e n i t o  a n d  W i l l i a m s  
(4) h a v e  s t u d i e d  t h e  r e g i o n  w h e r e  d i f f r a c t i o n  e f f e c t s  
a r e  i m p o r t a n t ;  t h e  n e a r - f i e l d .  H o w e v e r ,  in o r d e r  to 
s i m p l i f y  the c a l c u l a t i o n s  t h e y  u s e d  a p e r t u r b a t i o n
a p p r o x i m a t i o n  a n d  t h e i r  r e s u l t  is l e f t  as a s i n g l e
i n t e g r a l  e x p r e s s i o n  f o r  t h e  s e c o n d  h a r m o n i c  c o m p o n e n t  of 
the a c o u s t i c  f i e l d .  T h e  m o s t  f l e x i b l e  a p p r o a c h  to the 
p r o b l e m  has b e e n  by a S o v i e t  g r o u p  ( 5 - 1 5 )  w h o  
n u m e r i c a l l y  s o l v e d  a t h r e e  d i m e n s i o n a l  n o n - l i n e a r  w a v e  
e q u a t i o n  k n o w n  as the p a r a b o l i c  e q u a t i o n .  T h i s  e q u a t i o n
is d i r e c t l y  d e r i v e d  f r o m  t h e  e x a c t  e q u a t i o n s  of
a c o u s t i c s  by an a p p r o x i m a t e  m e t h o d .
In i n i t i a l  e x p e r i m e n t a l  i n v e s t i g a t i o n s
w a v e f o r m  s h a p e s  w e r e  o b s e r v e d  as s h o w n  in fig. 1.1. 
T h i s  w a v e f o r m  t y p i f i e s  the e f f e c t  o b s e r v e d  w h e n  b o t h  
d i f f r a c t i o n  a n d  n o n - l i n e a r i t y  are i m p o r t a n t .  T h e  
w a v e f o r m  is a p p r o a c h i n g  the s a w t o o t h  s h a p e  e x p e c t e d  w h e n  
d i f f r a c t i o n  is no t  i n c l u d e d ,  h o w e v e r  a m a r k e d  a s y m m e t r y  
has a p p e a r e d .  T h i s  a s y m m e t r y  c a n  be a t t r i b u t e d  to p h a s e  
d i s t o r t i o n s  w i t h i n  the n e a r - f i e l d  of the c i r c u l a r  p i s t o n
r e s u l t i n g  f r o m  d i f f r a c t i o n  e f f e c t s .
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A f t e r  s o m e  f a r - f i e l d  a n d  s e c o n d  h a r m o n i c  
n e a r - f i e l d  e x p e r i m e n t a l  r e s u l t s  in c h a p t e r  4, a m o d e l  is 
d e v i s e d  in c h a p t e r  5 w h i c h  c o m b i n e s  n o n - l i n e a r i t y  an d  
d i f f r a c t i o n  in the f i e l d  of a c i r c u l a r  p i s t o n .  T h e  
m o d e l  is b a s e d  o n  a o n e  d i m e n s i o n a l  n o n - l i n e a r
d i f f e r e n t i a l  e q u a t i o n  k n o w n  as B u r g e r s  e q u a t i o n .  T h i s
e q u a t i o n  is s o l v e d  n u m e r i c a l l y  a n d  d i f f r a c t i o n  e f f e c t s
a r e  i n c l u d e d  in an  ad h o c  m a n n e r .  A l t h o u g h  t h i s  is a
m o d e l  r a t h e r  t h a n  an  e x a c t  s o l u t i o n  to the p r o b l e m  it 
d o e s  p r o v i d e  s o m e  i n t e r e s t i n g  i n s i g h t s  i n t o  the 
d e v e l o p m e n t  of w a v e f o r m  s h a p e s  of the t y p e  s h o w n  in
fig. 1.1.
T h e  m o d e l  d e s c r i b e d  in c h a p t e r  5 l e a d s  to
q u a n t i t a t i v e  p r e d i c t i o n s ,  w h i c h  are c o m p a r e d  w i t h
e x p e r i m e n t a l  r e s u l t s  in c h a p t e r  6.
T h r o u g h o u t  the t h e s i s  r e f e r e n c e  is c o n t i n u a l l y
m a d e  to the s m a l l  s i g n a l  or l i n e a r  n e a r - f i e l d  o f  a
c i r c u l a r  p i s t o n  r a d i a t o r  an d  an e x p r e s s i o n  for t h i s  is 
n e e d e d  in a n u m b e r  of c a s e s .  It is t h e r e f o r e
a p p r o p r i a t e  to i n c l u d e  s o m e  d i s c u s s i o n  on the l i n e a r
f i e l d ,  t h i s  is d o n e  in a p p e n d i x  2. T h i s  a p p e n d i x  g i v e s
a d e t a i l e d  r e v i e w  of t his c o m p l e x  p r o b l e m  s h o w i n g  the
d i v e r s i t y  of the d i f f e r e n t  m e t h o d s  of a p p r o a c h .  W i t h  
the u s e  of a p p r o x i m a t i o n s  a n e w  a n a l y t i c a l  c l o s e d - f o r m  
e x p r e s s i o n  is d e v e l o p e d  w h i c h  is c o m p a r e d  w i t h  a 
n u m e r i c a l  i n t e g r a t i o n  of a m o r e  a c c u r a t e  e x p r e s s i o n .
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C h a p  ter 2
T h e  f i n i t e  a m p l i t u d e  f i e l d  o f  a c i r c u l a r  p i s t o n .
2.1 T h e  n o n - l i n e a r  w a v e  e q u a t i o n .
F o r  the c a s e  of s m a l l  a m p l i t u d e  w a v e s  it c a n
e a s i l y  be  s h o w n  ( 1 6 )  t h a t  the e x a c t  e q u a t i o n s  of
a c o u s t i c s ,  the c o n t i n u i t y  e q u a t i o n ,  E u l e r s  e q u a t i o n  a n d  
the e q u a t i o n  of s t a t e  c a n  be r e d u c e d  to the s i m p l e  w a v e  
e q u a t i o n
2 . 1
H o w e v e r ,  o n c e  w a v e s  a r e  c o n s i d e r e d  to be of 
f i n i t e  a m p l i t u d e  t h i s  e q u a t i o n  is no l o n g e r  a c c u r a t e .  
If s e c o n d  o r d e r  t e r m s  a r e  k e p t  in the d e r i v a t i o n  it is 
p o s s i b l e  to c o n s t r u c t  an e q u a t i o n  s i m i l a r  to Eq. 2.1 
w h i c h  e n c o m p a s s e s  b o t h  n o n - l i n e a r  an d  d i s s i p a t i v e
e f f e c t s .  W e s t e r v e l t  ( 1 7 )  an d  B l a c k s t o c k  ( 18) h a v e  
d e r i v e d  s u c h  an e q u a t i o n .
T h i s  e q u a t i o n  is for an i n f i n i t e  an d  
h o m o g e n e o u s  m e d i u m ,  a l t h o u g h  B l a c k s t o c k  ( 18) p r e s e n t s  
e q u a t i o n s  w h i c h  a l l o w  for b o u n d a r y  e f f e c t s  as w e l l .  T h e  
f i r s t  t e r m  on the r i g h t  h a n d  s i d e  r e p r e s e n t s  the 
n o n - l i n e a r i t y  in the m e d i u m ,  the s e c o n d  t e r m  is the 
d i s s i p a t i v e  t e r m .  T is k n o w n  as the a c o u s t i c  R e y n o l d s  
n u m b e r  or G o l d b e r g  n u m b e r ,  it is the r a t i o  of n o n - l i n e a r
to d i s s i p a t i v e  e f f e c t s  a n d  is g i v e n  by
r . Ü Ê 5a 2 . 3
W e  s e e k  a s o l u t i o n  to Eq. 2 . 2  in the i n f i n i t e  
h a l f  s p a c e  w i t h  the b o u n d a r y  c o n d i t i o n s  for a c i r c u l a r  
b a f f l e d  p i s t o n .  S u c h  a s o l u t i o n  w o u l d  c o n t a i n  the 
e f f e c t s  of d i f f r a c t i o n ,  d i s s i p a t i o n  a n d  n o n - l i n e a r i t y .  
N o  e x a c t  a n a l y t i c a l  s o l u t i o n s  e x i s t .
2 . 2  O n e  d i m e n s i o n a l  w a v e s  - B u r g e r s  e q u a t i o n .
T h e  f i r s t  a t t e m p t s  at s o l u t i o n s  to the 
n o n - l i n e a r  w a v e  e q u a t i o n  w e r e  m a d e  u s i n g  a o n e  
d i m e n s i o n a l  f o r m  of Eq. 2.2. T h e  t h r e e  d i m e n s i o n a l  
e q u a t i o n  is r e d u c e d  by u s i n g
V'c 2.4dr r d r
T h i s  e x p r e s s i o n  is g e n e r a l  for a n y  s p r e a d i n g  g e o m e t r y  
the v a l u e  of a c a n  be a l t e r e d  s u c h  t h a t ;  a = 1 for 
s p h e r i c a l  w a v e s ,  a = l / 2  f o r  c y l i n d r i c a l  w a v e s ,  a n d  a =0 
for p l a n e  w a v e s .  r is t a k e n  h e r e  as the s p h e r i c a l  
r a d i a l  c o - o r d i n a t e ,  if a w e r e  1/2 or 0 it c o u l d  e q u a l l y  
w e l l  be t a k e n  as the c y l i n d r i c a l  or p l a n e  c o - o r d i n a t e  z. 
A l s o ,  i n t r o d u c i n g  the d i m e n s i o n l e s s  v a r i a b l e s
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ç = k r  i  = u ) t - k r
^  = k( ̂  ^  ^  =
d r  dç d i  d t  d i  2 . 5
Eq. 2 . 2  n o w  r e d u c e s  to
2 . 6
2Eprd^ d^ P d^ 2a d 2a d l dO
- T à x \ Y x
T h i s  e q u a t i o n  is f u r t h e r  s i m p l i f i e d  by t a k i n g  
o u t  t e r m s  w h i c h  ar e  s m a l l  for l a r g e  S . S u c h  t e r m s  c a n  
be f o u n d  by s u b s t i t u t i n g  th e  s m a l l  s i g n a l  s o l u t i o n .
T e r m s  w i t h  d e r i v a t i v e  w i t h  r e s p e c t  to S n o w  b e c o m e  
s m a l l e r  t h a n  t e r m s  w i t h  the s a m e  o r d e r  d e r i v a t i v e  w i t h  
r e s p e c t  to "C . W i t h  t h e s e  a p p r o x i m a t i o n s  Eq. 2 . 6  y i e l d s
T h i s  ca n  be put in t e r m s  of p a r t i c l e  v e l o c i t y  
by s u b s t i t u t i n g  the d i m e n s i o n l e s s  v e l o c i t y  g i v e n  
a p p r o x i m a t e l y  by
i v i n g
11
^  + Ê u - pu —  = |3edu 
dç G d i  r  d %: 2 . 1 0
F u r t h e r  s i m p l i f i c a t i o n s  c a n  be m a d e  b y  u s i n g
0 = p e g  a n d  W  =  i -  )  [ / z
On 2 . 1 1
H e n c e  Eq. 2 . 1 0  y i e l d s
d W  ,0. d W  1 dW
T ( -  )W ̂  -  7 - ;
do On d i  r d i 2.12
N o w  i n t r o d u c e  the s t r e c h e d  c o - o r d i n a t e  f w h i c h  is 
d e f i n e d  by the e q u a t i o n s
w h e r e  =(
do  o f  do do 0
2 . 1 3
W i t h  t h i s  Eq. 2 . 1 2  is r e d u c e d  to
d W  . . .dW 1 , 0  ad^W
a T - '^ a T =  r 'o V  â T '
2 .14
T h i s  is k n o w n  as B u r g e r s  e q u a t i o n .  T h e  a b o v e
d e r i v a t i o n  is due to B l a c k s t o c k  ( 1 9 ) ,  it is the s i m p l e s t
f o r m  of w a v e  e q u a t i o n  w h i c h  c o n t a i n s  b o t h  n o n - l i n e a r  and
d i s s i p a t i v e  e f f e c t s .  T h e  e q u a t i o n  in t h i s  c a s e  is
i n d e p e n d e n t  of the c o o r d i n a t e  s y s t e m  u s e d .  T h e
e x p r e s s i o n  for f c a n  be f o u n d  by i n t e g r a t i o n  of Eq. 2 . 1 3
to g i v e  v a l u e s  for the s t r e t c h e d  c o - o r d i n a t e :
a = 0  ; f = 0
a = 1 ; f = Oolog^(o/0o)
a =1/2 ; f = 2 J Ô q { J ô  - J Ô q ) 2 . 1 5
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2 . 3  S o l u t i o n s  to B u r g e r s  e q u a t i o n
T h e  f i r s t  s o l u t i o n s  to B u r g e r s  e q u a t i o n  w e r e  
op a s i m p l e  f o r m ,  c o n t a i n i n g  o n l y  p l a n e  w a v e  t e r m s  a n d  
n e g l e c t i n g  d i s s i p a t i o n .  R e v i e w s  a r e  a v a i l a b l e  on th e  
e a r l y  d e v e l o p m e n t  of t his t h e o r y  b y  B l a c k s t o c k  ( 2 0 , 2 1 )  
a n d  B e r k t a y  ( 2 2 ) .  E a r n s h a w  (2) is u s u a l l y  c r e d i t e d  w i t h  
the f i r s t  s o l u t i o n  for p l a n e  w a v e s  in l o s s l e s s  f l u i d s  
w i t h  the b o u n d a r y  c o n d i t i o n  of an i n i t i a l l y  s i n u s o i d a l  
w a v e f o r m .  His s o l u t i o n  g e n e r a l i s e d  to s t r e t c h e d
c o o r d i n a t e  f o r m  is
W = sin( %+f W)  2 . 1 6
T h e  F o u r i e r  t r a n s f o r m  of the e q u a t i o n  w a s  
f i r s t  o b t a i n e d  by F u b i n i  ( 2 3 )  in 1 9 3 6  a n d  l a t e r  
i n d e p e n d e n t l y  b y  K e c k  a n d  B e y e r  ( 2 4 ) ,  a n d  H a r g r o v e  ( 2 5 ) .  
Eq .  2 . 1 6  c a n  be w r i t t e n  in the f o r m
W=  ^  ^  J ,(n f  )s in(nx) 2 . 1 7
T h e  d i s t o r t i o n  of an i n i t i a l l y  s i n u s o i d a l  
w a v e f o r m  is s h o w n  in fig. 2.1 a n d  t h e  g r o w t h  of the 
h a r m o n i c s  in fig. 2.2. It c a n  be s e e n  f r o m  fig. 2.1 
t h a t  as the w a v e f o r m  p r o p a g a t e s  the l a r g e r  a m p l i t u d e  
p a r t s  h a v e  a h i g h e r  p a r t i c l e  v e l o c i t y  t h a n  p a r t s  of 
l o w e r  a m p l i t u d e  p r o d u c i n g  a g r a d u a l  d i s t o r t i o n  w i t h  
d i s t a n c e .  E n e r g y  is c o n t i n u a l l y  b e i n g  t r a n s f e r r e d  i n t o  
the h a r m o n i c s .  T h e  l i m i t i n g  c a s e  is a s a w t o o t h



















































the s h o c k  f o r m a t i o n  d i s t a n c e  an d  is d e t e r m i n e d  by the 
v a l u e  of f b e c o m i n g  1. T h e  p r o b l e m  w i t h  t his w e l l  k n o w n  
s o l u t i o n  is t h a t  o n c e  f = 1 is r e a c h e d ,  the s h o c k  
d i s t a n c e ,  the f u n c t i o n  b e c o m e s  m u l t i v a l u e d  a n d  is no 
l o n g e r  v a l i d .
B l a c k s t o c k  ( 2 6 )  a t t e m p t e d  to o v e r c o m e  t h i s  
p r o b l e m  b y  e m p l o y i n g  the w e a k  s h o c k  t h e o r y .  T h e n  
m u l t i v a l u e d  w a v e f o r m s  no l o n g e r  o c c u r ,  h o w e v e r  
d i s s i p a t i o n  is n o t  t a k e n  i n t o  a c c o u n t  e x p l i c i t l y  a n d  t h e  
t h e o r y  p r e d i c t s  p r o p a g a t i o n  of s h o c k s .  T h i s  is n o t  the 
c a s e  w h e n  a b s o r p t i o n  is i n c l u d e d ,  h i g h e r  h a r m o n i c s  a r e  
a b s o r b e d  m o r e  r a p i d l y  t h a n  the l o w e r  f r e q u e n c y  o n e s  so 
the s a w t o o t h  g r a d u a l l y  r e t u r n s  to its o r i g i n a l  
s i n u s o i d a l  s h a p e .  T h e  r e g i o n  w h e r e  t h i s  o c c u r s  is 
t e r m e d  t h e  o l d - a g e  r e g i o n .  H o w e v e r ,  the w e a k  s h o c k  
t h e o r y  d o e s  g i v e  an a p p r o x i m a t e  e x p r e s s i o n  in the r e g i o n  
w h e r e  the s h o c k  h a s  f o r m e d .
T h i s  is the F o u r i e r  s e r i e s  for a s a w t o o t h  
w a v e f o r m ,  it is o n l y  v a l i d  in the r e g i o n  w h e r e  f is 
a p p r o x i m a t e l y  1. O n c e  d i s s i p a t i o n  is t a k e n  i n t o  a c c o u n t  
it is t h e n  p o s s i b l e  to m o d e l  the o l d - a g e  r e g i o n .
B u r g e r s  e q u a t i o n  c a n  be s o l v e d  e x a c t l y  for 
p l a n e  w a v e s  ( 2 7 ) ,  h o w e v e r  for s p h e r i c a l  w a v e s  a f u l l  
a n a l y t i c a l  s o l u t i o n  h a s  no t  b e e n  p r o d u c e d .
C a r y  ( 2 8 )  m a d e  a m o d i f i c a t i o n  to Eq. 2 . 1 7  to 
i n c l u d e  a t t e n u a t i o n  a n d  p r o v e d  t h a t  it wa s  a s o l u t i o n  to
Eq. 2 . 1 4  for s p h e r i c a l  w a v e s  w i t h  the p r e m i s s
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2ar lo g ^ (r / ro )  < 1 2 . 1 9
W i t h  t h i s  a s u m p t i o n  C a r y  s h o w e d  t h a t  a s i m i l a r  e q u a t i o n  
to E q .  2 . 1 7 ,  w h i c h  i n c l u d e s  a t t e n u a t i o n  is
W = Jnjnf exp j^-p( -1) j s in ( n i ) 2 . 20
T h i s  e x p r e s s i o n  a g a i n  b e c o m e s  i n v a l i d  at f=l
as w e l l  as Eq. 2 . 1 9  b e i n g  a l i m i t i n g  f a c t o r  on the
d i s t a n c e  for w h i c h  it is a p p l i c a b l e .
N a u g o l ' n y k h  ( 2 9 )  p r o d u c e d  a n  e x p r e s s i o n  w h i c h
is v a l i d  f o r  the s a w t o o t h  r e g i o n .  T a k i n g  i n t o  a c c o u n t
a b s o r p t i o n  a n d  s p h e r i c a l  s p r e a d i n g  his s o l u t i o n  is
2.21
W h e r e  A is a m e a s u r e  of the s h o c k  t h i c k n e s s  and is 
g i v e n  by
A = ( -  )(1 + f ) (Oq nl
2 . 2 2
Eq. 2 . 2 1  c a n  be put in the f o r m  o f  a F o u r i e r  s e r i e s
w  = (2/r) s in (n i )
sinh( n n A /2 ) 2 .23
T h i s  r e d u c e s  to a s o l u t i o n  p r e v i o u s l y  o b t a i n e d  
by F a y  ( 3 0 )  for p l a n e  w a v e s ,  t h a t  is w h e n  a is put to 0. 
It a l s o  r e d u c e s  to the s a w t o o t h  s o l u t i o n  for a b s o r p t i o n  
f r e e  m e d i a  w h e n  T —  •
1 7
B e c a u s e  of the l a c k  of of a c o m p l e t e  s o l u t i o n  
to B u r g e r s  e q u a t i o n  s o m e  e f f o r t  h a s  g o n e  i n t o  n u m e r i c a l  
s o l u t i o n s  a n d  t h e s e  a r e  d i s c u s s e d  in the n e x t  s e c t i o n .
2 . 4  N u m e r i c a l  s o l u t i o n s  to B u r g e r s  e q u a t i o n .
A n a l y t i c a l  s o l u t i o n s  to B u r g e r s  e q u a t i o n  do 
n o t  t a k e  i n t o  a c c o u n t  p r o p a g a t i o n  i n t o  the o l d - a g e  
r e g i o n  for s p h e r i c a l  w a v e s  no r  do t h e y  t a k e  i n t o  a c c o u n t  
a n y  i n i t i a l  w a v e f o r m  o t h e r  t h a n  s i n u s o i d a l .  A n u m b e r  of
r e s e a r c h e r s  h a v e  a t t e m p t e d  to f i l l  t h i s  g a p  b y  n u m e r i c a l
s o l u t i o n s  to the p r o b l e m .
F o x  a n d  W a l l a c e  ( 3 1 )  w e r e  the f i r s t  to s u g g e s t  
m e t h o d s  of d e a l i n g  w i t h  the p r o b l e m .  T h e y  u s e d  a
g r a p h i c a l  a n a l y s i s  b a s e d  o n  e l e c t r i c a l  a n a l o g u e s  to
p r o d u c e  e x t r a  a t t e n u a t i o n  c u r v e s  for the f u n d a m e n t a l  in 
the c a s e  of p l a n e  w a v e s .  T h i s  p h e n o m e n o l o g i c a l  t y p e  of 
m o d e l  has a l s o  b e e n  u s e d  by a n u m b e r  of o t h e r  a u t h o r s .  
F o r  e x a m p l e  C o o k  ( 3 2 )  a n d  V a n - B u r e n  ( 3 3 )  u s e d  it to 
d e s c r i b e  f i n i t e  a m p l i t u d e  w a v e s  in t u b e s .  In this m o d e l
the w a v e f o r m  is a l l o w e d  to d i s t o r t  o v e r  a s m a l l  d i s t a n c e
u s i n g  the b a s i c  r e l a t i o n ,  Eq. 2 . 1 6 .  T h e  w a v e f o r m  is 
t h e n  F o u r i e r  t r a n s f o r m e d  a n d  e a c h  h a r m o n i c  is c o r r e c t e d  
for a b s o r p t i o n .  T h i s  p r o c e s s  is c o n t i n u e d  a n d  b e c a u s e  
a b s o r p t i o n  is a p p l i e d  in t h i s  w a y  the w a v e f o r m  c a n  be 
p r o p a g a t e d  t h r o u g h  the s h o c k  i n t o  the o l d - a g e  r e g i o n .
M o r e  r e c e n t l y  c o m p l e t e  s o l u t i o n s  to B u r g e r s
e q u a t i o n  by n u m e r i c a l  t e c h n i q u e s  h a v e  b e e n  d e v e l o p e d .
F e n l o n  ( 34) d e v e l o p e d  an a l g o r i t h m  w h i c h  he u s e d  in the 
s t u d y  of p a r a m e t r i c  a r r a y s  a n d  p u m p  r e c e i v e r s .  T r i v e t t
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an d  V a n - B u r e n  ( 3 5 , 3 6 )  h a v e  d e v e l o p e d  an a l g o r i t h m  w h i c h  
s o l v e s  the g e n e r a l  B u r g e r s  e q u a t i o n  v a l i d  f o r  a n y
i n i t i a l  w a v e f o r m ,  a n d  a n y  s p r e a d i n g  g e o m e t r y .  T h i s
n u m e r i c a l  s o l u t i o n  is u s e d  l a t e r  in c h a p t e r  5 a n d  is
d i s c u s s e d  m o r e  f u l l y  t h e r e .
2 . 3  T h e  f a r - f i e l d  o f  a c i r c u l a r  p i s t o n .
In the s m a l l  s i g n a l  or l i n e a r  c a s e  the
f a r - f i e l d  o f  a c i r c u l a r  p i s t o n  is g i v e n  by a s p h e r i c a l  
w a v e  w i t h  an a n g u l a r  d e p e n d e n c e  or d i r e c t i v i t y  □(•&).
T h e  c o n c e p t  of d i r e c t i v i t y  ha s  b e e n  s h o w n  to a p p l y  in
c e r t a i n  i n s t a n c e s  to the f a r - f i e l d  n o n - l i n e a r  c a s e
( 3 7 , 3 ) .  A s s u m e  a s o l u t i o n  to B u r g e r s  e q u a t i o n  in the
f o r m  of  a F o u r i e r  s e r i e s
2  Bn(f)sin(nT) 2 . 2 4
nr1
T h e  a m o u n t  of d i s t o r t i o n  p r o d u c e d  d e p e n d s  on 
the v a l u e  of  f, w h i c h  is d e p e n d e n t  u p o n  b o t h  r a n g e  a n d  
i n i t i a l  a m p l i t u d e .  S o  in the c a s e  of an a n g u l a r
d e p e n d e n c e  on the i n i t i a l  v e l o c i t y ,  as in a c a s e  w i t h  a 
t r a n s m i t t e r  h a v i n g  d i r e c t i v i t y ,  f w i l l  h a v e  d i f f e r e n t
v a l u e s  at d i f f e r e n t  a n g u l a r  p o s i t i o n s  for c o n s t a n t  
r a n g e .  A n e w  d i s t a n c e  v a r i a b l e  c a n  be c o n s t r u c t e d  w h i c h  
t a k e s  this i n t o  a c c o u n t .  T h u s  for s p h e r i c a l  w a v e s  we 
m a y  u s e
f, = D( ■&) OolOQeC 0 / O q ) f, = D(^)f 2 . 2 5
1 9
Eq. 2 . 2 4  c a n  n o w  be u s e d  r e p l a c i n g  f w i t h  fi 
to p r e d i c t  the h a r m o n i c  c o n t e n t  at a n y  a n g l e  or r a n g e .  
T h e  d i r e c t i v i t y  f u n c t i o n  for the n th h a r m o n i c  c a n  be 
w r i t t e n  as
D (A) . D W B n ( D ( j)L)
2.2 6
Bn(D(-^)f) is the r e l a t i v e  h a r m o n i c  l e v e l  at 
a n y  a n g l e  ^ . T h e  e x p r e s s i o n  is d i v i d e d  by Bn(f ) to
e n s u r e  Dp(-&)=1 w h e n  •& = 0  . M u l t i p l i c a t i o n  by D(0) c o m e s
a b o u t  f r o m  t h e  f a c t  t h a t  W, in Eq. 2 . 2 4  c o n t a i n s  a 
a n d  is t h u s  m o d i f i e d  by D(&).
T h i s  e x p r e s s i o n  is d u e  to L o c k w o o d ,  B l a c k s t o c k  
a n d  M u  ir ( 3 7 , 3 ) .
2 . 6  H a r m o n i c  b e a m  p a t t e r n s  of a c i r c u l a r  p i s t o n .
T h e  s o l u t i o n s  to B u r g e r s  e q u a t i o n  w h i c h  h a v e  
b e e n  f o u n d  in s e c t i o n  2 . 3  in the f o r m  of a F o u r i e r  
s e r i e s  for s p h e r i c a l  w a v e s ,  c a n  be s u b s t i t u t e d  in. to 
E q .  2 . 2 6 .  U s i n g  the s o l u t i o n  g i v e n  in Eq. 2 . 1 7  th e  
d i r e c t i v i t y  of the n t h  h a r m o n i c  is g i v e n  by
F o r  s m a l l  a r g u m e n t s  of B e s s e l  f u n c t i o n ,  t h a t  is s m a l l  
nf, Eq .  2 . 2 7  b e c o m e s
2 0
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Fig. 2.3 Fai— Field beam shape of a circular piston 
once a sawtooth has formed (f=l)
D „ W = D " ( ^ )  2 . 2  8
T h i s  r e s u l t  o n l y  a p p l i e s  for r e g i o n s  b e f o r e  the s h o c k  
has f o r m e d  a n d  s m a l l  d i s t o r t i o n  o n l y .  It is an
i m p o r t a n t  r e s u l t  as it s u g g e s t s  t h a t ,  as the h a r m o n i c  
n u m b e r  g e t s  h i g h e r ,  the h a r m o n i c  b e a m  w i d t h  g e t s  
n a r r o w e r .
O n  the o t h e r  h a n d ,  t a k i n g  the F o u r i e r  s e r i e s
for a s a w t o o t h ,  E q s .  2 . 1 8  a n d  2 . 2 6  g i v e  h a r m o n i c  b e a m
p a t t e r n s  of the f o r m
1 +D(0)f  2 . 2 9
T h e r e  is n o w  n o  d e p e n d e n c e  u p o n  h a r m o n i c  
n u m b e r  a n d  a l l  h a r m o n i c s  h a v e  the s a m e  b e a m  w i d t h  w h i c h  
is b r o a d e r  t h a n  the s m a l l  s i g n a l  b e a m  w i d t h .  F i g .  2 . 3  
s h o w s  t h i s  l i m i t i n g  c a s e ,  for f = l ,  c o m p a r e d  w i t h  the 
s m a l l  s i g n a l  b e a m  p a t t e r n .  T h e  m a i n  b e a m  is b r o a d e r  a n d  
the s i d e  l o b e  l e v e l s  h a v e  i n c r e a s e d .
2 . 7  T h e  f i n i t e  a m p l i t u d e  n e a r - f i e l d .
In the p r e c e d i n g  s e c t i o n s  o n l y  o n e  d i m e n s i o n a l  
w a v e s  w e r e  c o n s i d e r e d .  C l o s e r  to the p i s t o n  d i f f r a c t i o n  
e f f e c t s  b e c o m e  m o r e  s i g n i f i c a n t  an d  a n y  o n e  d i m e n s i o n a l  
s o l u t i o n  b r e a k s  d o w n .  T o  s o l v e  the p r o b l e m  w i t h i n  the 
n e a r - f i e l d  the n o n - l i n e a r  w a v e  e q u a t i o n  Eq. 2. 2  n e e d s  to 
be r e - e x a m i n e d .
O n e  m e t h o d  of a p p r o a c h  is to look at a
22
p e r t u r b a t i o n  s o l u t i o n  to Eq .  2.2. A s s u m e  a s o l u t i o n  to 
the n o n - l i n e a r  w a v e  e q u a t i o n  of the f o r m
$ = . ... 2 . 3 0
W h e r e  it is a s s u m e d  ^2 is s m a l l  c o m p a r e d  w i t h  . If 
this is s u b s t i t u t e d  i n t o  E q .  2 . 2 ,  d i f f e r e n t i a l  e q u a t i o n s  
of f i r s t  an d  s e c o n d  o r d e r  c a n  be d e r i v e d  by g r o u p i n g  
t e r m s  o f  the s a m e  o r d e r  of m a g n i t u d e
=0
^2 is the s e c o n d  h a r m o n i c  v e l o c i t y  p o t e n t i a l  w i t h i n  the 
F o u r i e r  s e r i e s  Eq. 2 . 3 0 .  T h i s  c o n d i t i o n  t h a t  $2 is 
s m a l l  c o m p a r e d  w i t h  h o l d s  for w e a k l y  n o n - l i n e a r  w a v e s
a n d  is a p p r o p r i a t e  for c o n d i t i o n s  n e a r  to the p i s t o n  
f a c e .  Eq .  2 . 3 1  w a s  d e r i v e d  d i r e c t l y  b y  H e a p s  ( 3 8 )  f r o m  
the e x a c t  e q u a t i o n s .  T h e  t e r m  on the r i g h t  h a n d  s i d e  
c a n  be r e g a r d e d  as a s o u r c e  t e r m ,  g i v i n g  r i s e  to 
s p h e r i c a l  s o u r c e s  of s e c o n d  h a r m o n i c  in the f u n d a m e n t a l  
f i e l d ,  t h i s  c a n  be w r i t t e n  in i n t e g r a l  f o r m  as ( 1 7 )
•-S/'
V
T h e  g e o m e t r y  of the p r o b l e m  is s h o w n  in 
fig. 2 . 4 .  I n g e n i t o  an d  W i l l i a m s  (4) h a v e  u s e d  t h i s  
e x p r e s s i o n  to c a l c u l a t e  the s e c o n d  h a r m o n i c  v a r i a t i o n  in 
the n e a r - f i e l d ,  t h e i r  t h e o r y  is g i v e n  in a p p e n d i x  1.
23
Q(x
Fig. 2.4 Geometry used for the calculation of 
the second harmonic velocity potential.
T h e  r e s u l t  for the s e c o n d  h a r m o n i c  n e a r - f i e l d  





^ s i n  sin <x)d<xd-&clo
T h e  n e w  t e r m s  a p p e a r i n g  in t h i s  e q u a t i o n  a r e  d e f i n e d  in 
the l i s t  of s y m b o l s ,  ° is n o w  a d i f f e r e n t  d i s t a n c e  
v a r i a b l e  f r o m  t h a t  p r e v i o u s l y  d e f i n e d ,  a n d  a is n o w  t h e  
p i s t o n  r a d i u s .  T h e  t e r m
Jq( sin Ù sin oL) 2 . 3 4
is n a m e d  the c o u p l i n g  f u n c t i o n  by I n g e n i t o  a n d  W i l l i a m s  
b e c a u s e  it is the o n l y  t e r m  in Eq. 2 . 3 3  w h i c h  i n t e r m i x e s  
i n t e g r a t i o n  o v e r  an d  a '. F o r  s m a l l  a n g l e s  it is s h o w n  
in a p p e n d i x  1 t h a t  Eq. 2 . 3 2  c a n  be r e d u c e d  to
z-j ) do 2 . 3 5
0 = 0
T h i s  e x p r e s s i o n  is i n t e r e s t i n g  as it s t a t e s  
t hat the i m p o r t a n t  r e g i o n s  of s o u r c e s  w h i c h  g i v e  r i s e  to
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the s e c o n d  h a r m o n i c  a r e  o n l y  on  an  a x i s  of c o n s t a n t  x 
t o w a r d  to the p i s t o n .  R e g i o n s  o u t s i d e  the a x i s  ar e  of 
less i m p o r t a n c e  as a r e  s o u r c e s  b e t w e e n  the p i s t o n  a n d  
h a l f w a y  to the f i e l d  p o i n t .
2 . 8  T h e  s e c o n d  h a r m o n i c  on a x i s
P e r h a p s  the s i m p l e s t  w a y  of l o o k i n g  at the 
i n t e g r a l  Eq. 2 . 3 5  is to u s e  it to g i v e  th e  v a r i a t i o n  of 
the s e c o n d  h a r m o n i c  on the a x i s  of the b e a m .  B e c a u s e  
t his has b e e n  r e d u c e d  to a o n e  d i m e n s i o n a l  i n t e g r a l  it 
is p o s s i b l e  to s u b s t i t u t e  th e  on a x i s  s m a l l  s i g n a l  
v a r i a t i o n  w h i c h  is d i s c u s s e d  in a p p e n d i x  2
5 , . - ^  -l) 2 . 3 6
a l s o  p u t t i n g
t = k(Za-z -t^) Zf = ( z - ^ ) ^ a ^  
a ^
2 . 3 7
to = k ĵ v/(z2+a2) - zj t,= to(z/2)
F o r  t < < k a  Eq. 2 . 3 5  r e d u c e s  to
t,
^2= I j 2 . 3 8
T h i s  i n t e g r a l  has a c l o s e d - f o r m  s o l u t i o n  
c o n t a i n i n g  e x p o n e n t i a l  i n t e g r a l s .  It c a n  be c o m p a r e d  
w i t h  a s i m i l a r  r e s u l t  d e r i v e d  by I n g e n i t o  a n d  W i l l i a m s
26
(4) w h i c h  i n c l u d e s  the c o u p l i n g  f u n c t i o n .
to
A c o m p a r i s o n  of r e s u l t s  o b t a i n e d  by u s i n g
E q s .  2 . 3 8  a n d  2 . 3 9  f o r  k a = 1 0 5  is s h o w n  in fig. 2 . 6 .  T h e  
c o m p a r a b l e  a x i a l  s m a l l  s i g n a l  v a r i a t i o n  is s h o w n  in 
fig. 2 . 5 .  T h e  g r o w t h  of the s e c o n d  h a r m o n i c  is 
c h a r a c t e r i s e d  by t h e  l o w  h u m p  f o l l o w e d  by the d e e p  a x i a l  
m i n i m u m  at z / a = 1 2  t h e n  a s h a r p  r i s e  to the p e a k  at
z / a = 4 0 .  T h i s  is u n l i k e  the p l a n e  w a v e  s o l u t i o n  w h i c h  
r i s e s  l i n e a r l y  f r o m  t h e  t r a n s m i s s i o n  p o i n t .  T h e  l a r g e  
r i s e  in the s e c o n d  h a r m o n i c  o n l y  o c c u r s  a f t e r  the l a s t  
m a x i m u m  of the f u n d a m e n t a l .  T h e  r e a s o n  for the l a s t  
a x i a l  m i n i m u m  in the s e c o n d  h a r m o n i c  is b e c a u s e  of the 
l a c k  o f  s o u r c e s  f r o m  t h e  f u n d a m e n t a l  in the r e g i o n  z / a = 8  
to 10, the r e g i o n  w h i c h  is b e i n g  i n t e g r a t e d  o v e r  in 
E q .  2 . 3 8  a n d  Eq. 2 . 3 9 .  T h e  f i n a l  b u i l d  up o n l y  o c c u r s
o n c e  the r a p i d  v a r i a t i o n  of the f u n d a m e n t a l  s t o p s .  T h e
h i g h e s t  p e a k  o c c u r s  at z / a = 4 0  w i t h o u t  the c o u p l i n g  
f u n c t i o n  i n c l u d e d  a n d  at a s l i g h t l y  l a r g e r  d i s t a n c e  w i t h  
the c o u p l i n g  f u n c t i o n ,  it is a l s o  a b o u t  I d b  h i g h e r  w i t h  
the c o u p l i n g  f u n c t i o n .  T a k i n g  the r e s u l t  f u r t h e r  o u t  
s h o u l d  be m a d e  w i t h  c a u t i o n  as the s e c o n d  h a r m o n i c  m a y  
b e c o m e  c o m p a r a b l e  in a m p l i t u d e  w i t h  the f u n d a m e n t a l  a n d  
the p e r t u r b a t i o n  a p p r o x i m a t i o n  b r e a k  d o w n .
By u s i n g  a r e s u l t  t a k e n  f r o m  a p p e n d i x  2 fo r  
the v a r i a t i o n  of the f u n d a m e n t a l  on the c y l i n d r i c a l  
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it is p o s s i b l e  to c a l c u l a t e  the s e c o n d  h a r m o n i c  on this 
s u r f a c e .  T h e  r e s u l t  of t h i s  n u m e r i c a l  i n t e g r a t i o n  is 
s h o w n  in fig. 2 . 8  w i t h  the f u n d a m e n t a l  in fig. 2 . 7  fo r  
c o m p a r i s o n .  T h e  v a r i a t i o n s  in the f u n d a m e n t a l  a r e  m u c h  
l e s s  m a r k e d  t h a n  on a x i s ,  c o n s e q u e n t l y  the s e c o n d
h a r m o n i c  l e v e l  is m u c h  s m o o t h e r .
2 . 9  T h e  s e c o n d  h a r m o n i c  f i e l d  in t h r e e  d i m e n s i o n s .
C o n v e n i e n t  e x p r e s s i o n s  for s u b s t i t u t i o n  i n t o  
E q .  2 . 3 5  w h i c h  e n a b l e  i n t e g r a t i o n  do n o t  e x i s t .  
A p p e n d i x  2 g i v e s  a r e v i e w  of a t t e m p t s  to d e r i v e  s u c h  an 
e x p r e s s i o n ,  a n d  in f a c t  a n e w  e x p r e s s i o n  is d e v e l o p e d .  
H o w e v e r  it is t o o  c o m p l e x  to b e  i n t e g r a t e d  in Eq .  2 . 3 5  
e x c e p t  b y  n u m e r i c a l  m e t h o d s
P r e v i o u s l y  the p r o b l e m s  of n u m e r i c a l l y  
i n t e g r a t i n g ,  e v e n  for the n e a r - f i e l d  v a r i a t i o n  of the 
f u n d a m e n t a l ,  h a v e  b e e n  c o n s i d e r e d  to b e  a l a r g e  
c o m p u t a t i o n a l  t a s k .  Z e m a n e k  ( 39) p r o d u c e d  r e s u l t s  for
the f u n d a m e n t a l  b a s e d  o n  n u m e r i c a l  i n t e g r a t i o n  of the 
two d i m e n s i o n a l  R a y l e i g h  i n t e g r a l .  H o w e v e r ,  for l a r g e  
k a  t h e  g r i d  p o i n t s  n e e d  to b e  m u c h  f i n e r  in o r d e r  to m a p
the r a p i d  v a r i a t i o n s  n e a r  to the p i s t o n  a c c u r a t e l y  and
c o m p u t a t i o n a l  t i m e  b e c o m e s  p r o h i b i t i v e .  In a p p e n d i x  2 
S c h o c h ' s  s o l u t i o n  to the p r o b l e m  of  the n e a r - f i e l d  
r e g i o n  is d e r i v e d ,  t h i s  is a s i n g l e  i n t e g r a l  e x p r e s s i o n  







































































s o l u t i o n  in Eq. 2 . 3 5  the w h o l e  s e c o n d  h a r m o n i c  
n e a r - f i e l d  c a n  be c o n s t r u c t e d .
R e s u l t s  o b t a i n e d  in t h i s  m a n n e r  for b o t h  the 
f u n d a m e n t a l  f i e l d  a n d  for the s e c o n d  h a r m o n i c  a r e  s h o w n  
in f i g s .  2.9 to 2 . 1 2  as a s e r i e s  of i s o m e t r i c  
p r o j e c t i o n s  s h o w i n g  m a g n i t u d e  a n d  p h a s e  for a k a  v a l u e  
of 105. T h e  on a x i s  v a r i a t i o n  of the s e c o n d  h a r m o n i c  
d i s c u s s e d  a b o v e  c a n  be c l e a r l y  s e e n  in fig. 2 . 1 1 ,  a n d  
the m i n i m u m  on a x i s  ca n  be s e e n  to r i s e  to a f l a t  
p o r t i o n  o f f  a x i s .  T h e  b e a m  is m o r e  c o l l i m a t e d  t h a n  the  
f u n d a m e n t a l  w h i c h  is s h o w n  in fig. 2 . 9 .  T h i s  is 
e x p e c t e d  b e c a u s e  it d e p e n d s  u p o n  the s q u a r e  of the 
f u n d a m e n t a l .  T h e  s e c o n d  h a r m o n i c  f i e l d  is m u c h  s m o o t h e r  
t h a n  the l i n e a r  f i e l d  du e  to th e  ' a v e r a g i n g '  o u t  in the 
in t e g r a t i o n .
2 . 1 0  T h e  P a r a b o l i c  e q u a t i o n .
T h e  l i n e a r  p a r a b o l i c  e q u a t i o n  in two 
d i m e n s i o n s  u s i n g  C a r t e s i a n  c o - o r d i n a t e s  is
2 . 4 1
T h i s  e q u a t i o n  h a s  b e e n  w i d e l y  u s e d  as an a p p r o x i m a t i o n  
to the l i n e a r  w a v e  e q u a t i o n ,  it is is p a r t i c u l a r l y
a m e n a b l e  to n u m e r i c a l  s o l u t i o n .  To se e  the
a p p r o x i m a t i o n s  t h a t  are m a d e  to p r o d u c e  Eq. 2 . 4 1 ,  
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Fig. 2.9 The magnitude of the small signal velocity potential













Fig. 2.10 The small signal phase variation in the






Z AXIS '10 
Y AXIS '10
Fig. 2.11 The magnitude of the second harmonic velocity potential











r AXIS *10 . 00
Fig. 2. 12 The second harmonic phase variation in the
near-field of a circular piston transmitter.
ka=105
$ = 2 . 4 2
S u b s t i t u t i n g  this i n t o  b o t h  the l i n e a r  w a v e  e q u a t i o n  
(Eq. 2 . 1 )  and t h e  p a r a b o l i c  e q u a t i o n  (Eq. 2 . 4 1 )  g i v e s  
two d i s p e r s i o n  r e l a t i o n s :
k ^ + k ; - k :  = 0
2 . 4 3
k ^ 2 k k ^ - 2 k ^ = 0
Fig. 2 . 1 3  s h o w s  g r a p h s  of t h e s e  f u n c t i o n s  a n d  
i m m e d i a t e l y  d e m o n s t r a t e s  the l i m i t s  of v a l i d i t y  of the 
a p p r o x i m a t i o n s  m a d e  to p r o d u c e  Eq. 2 . 4 1 .  T h e  p a r a b o l i c  
e q u a t i o n  is a g o o d  a p p r o x i m a t i o n  to the w a v e  e q u a t i o n  if 
the s i g n i f i c a n t  v a l u e s  of k^ ar e  s m a l l .  In o t h e r  w o r d s ,  
if the p l a n e  w a v e  s p e c t r u m  a s s o c i a t e d  w i t h  the s o u r c e  
has s i g n i f i c a n t  v a l u e s  o n l y  for s m a l l  o f f  a x i s  a n g l e s  
^ , Eq. 2 . 4 1  p r o v i d e s  a g o o d  a p p r o x i m a t i o n .
A s i m i l a r  p a r a b o l i c  e q u a t i o n  has b e e n  
d e v e l o p e d  for n o n - l i n e a r  w a v e s  b y  Z a b o l o t s k a y a  an d 
K h o v k h l o v  (5), and o n e  i n c l u d i n g  d i s s i p a t i o n  by 
K u z n e t s o v  (6), d i r e c t l y  f r o m  th e  e x a c t  e q u a t i o n s .  T h e  
d e r i v a t i o n  of this is g i v e n  b e l o w .








£ = k z I  = w t - kz
O = c o / k
and f u r t h e r  d e f i n i n g
à y ’ 2 . 4 4
the n o n - l i n e a r  w a v e  e q u a t i o n  Eq. 2.2 is r e d u c e d  to
9 ' C  • 2 ^  - p f  ( ^ 5 ) '
a G OGdi di d I
2 . 4 5
- 2£J3 ) v2(d_û ) , ( d !   ̂ d i  , _ d l_  ) d o  
d I  dg^ d i ^  d g d i  d i
N o w  m a k e  the a p p r o x i m a t i o n
«  4 °_ 2 . 4 6
às' d e a x
T h i s  is the p a r a b o l i c  or p a r a x i a l  a s s u m p t i o n  
and l e a d s  to the a p p r o x i m a t i o n s  d i s c u s s e d  a b o v e .  It 
a s s u m e s  that the r a t e  of c h a n g e  of the w a v e f o r m  w i t h  
r e s p e c t  to d i s t a n c e  is m u c h  l e s s  t h a n  the r a t e  of c h a n g e  
w i t h  r e s p e c t  to time. T h i s  is a v e r y  s i m i l a r  
a p p r o x i m a t i o n  u s e d  in the d e v e l o p m e n t  of B u r g e r s  
e q u a t i o n ,  and the p a r a b o l i c  e q u a t i o n  c o u l d  be t e r m e d  a 
t h r e e  d i m e n s i o n a l  f o r m  of  B u r g e r s  e q u a t i o n .  A l s o
n e g l e c t i n g  the t e r m
38
2 . 4 7
w h i c h  is a t e r m  for a b s o r p t i o n  of w a v e s  t r a v e l l i n g  
p e r p e n d i c u l a r  to the z a x i s .  Eq. 2 . 4 5  is r e d u c e d  to
v j o  = 2 ^ - ^  2 E |3 2 . 4 8
d çdi di di r
T h i s  c a n  be put in t e r m s  of p r e s s u r e  b y  u s i n g
- o A i o  2 . 4 9
0
The a p p r o x i m a t i o n  Eq. 2 . 4 9  u s e s  Eq. 2 . 4 6 ,  a n d  l e a d s  to
v|p = ^  (2'^.2|3p dg _ i L g  4!e ) 2.50
• d i  dg d i  r d-[2
T h i s  t h i r d  m e t h o d  o f  a p p r o x i m a t i o n  to the 
n o n - l i n e a r  w a v e  e q u a t i o n  k e e p s  t e r m s  r e p r e s e n t i n g  
d i f f r a c t i o n ,  d i s s i p a t i o n  a n d  n o n - l i n e a r  e f f e c t s .  T h e  
p a r a b o l i c  a p p r o x i m a t i o n  is u s e f u l  in t a c k l i n g  t h i s  
p a r t i c u l a r  p r o b l e m  b e c a u s e ,  for a p i s t o n  r a d i a t o r ,  w i t h  
a l a r g e  ka p r o d u c t  w a v e s  a r e  t r a v e l l i n g  in a p p r o x i m a t e l y  
o n e  d i r e c t i o n  w i t h i n  a n a r r o w  b e a m .
A n a l y t i c a l  s o l u t i o n s  do n o t  e x i s t  a n d  the m a i n  
s t u d y  has b e e n  t h r o u g h  n u m e r i c a l  s o l u t i o n s  w h i c h  a r e  
d i s c u s s e d  in the n e x t  s e c t i o n .
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2.11 N u m e r i c a l  s o l u t i o n s  to the p a r a b o l i c  e q u a t i o n .
An a l g o r i t h m  has b e e n  d e v e l o p e d  to s o l v e  
Eq. 2 . 5 0  by a t e a m  of r e s e a r c h e r s  in the U S S R .  A s e r i e s  
of p a p e r s  h a v e  b e e n  p u b l i s h e d  on the o u t p u t s  of the 
c o m p u t e r  p r o g r a m  and s o m e  i n t e r e s t i n g  r e s u l t s  h a v e  b e e n  
o b t a i n e d .
B a k h v a l o v  et al (7) p u b l i s h e d  r e s u l t s  for a 
n o n - d i s s i p a t i v e  m e d i u m .  T h e  t r a n s m i t t e r  w a s  a s s u m e d  to 
h a v e  a f o u r t h  d e g r e e  p o l y n o m i a l  v e l o c i t y  d i s t r i b u t i o n  
a c r o s s  the s u r f a c e .  T h e  m o s t  i n t e r e s t i n g  r e s u l t  f r o m  
t h i s  p a p e r  and f o l l o w i n g  o n e s  is the s h a p e  of the 
w a v e f o r m .  A t y p i c a l  r e s u l t  is s h o w n  in fig. 2 . 1 4  w h i c h  
has b e e n  t a k e n  f r o m  fig. 4 in r e f e r e n c e  13. T h e  
w a v e f o r m  has a z e r o  o f f s e t  h a v i n g  a h i g h e r  p e a k  v a l u e  in 
the c o m p r e s s i o n  p h a s e  t h a n  on the r a r e f a c t i o n  p h a s e .  It 
is a l s o  m o r e  p e a k e d  on the c o m p r e s s i o n  p h a s e .
F u r t h e r  p a p e r s  on the r e s u l t s  of the c o m p u t e r  
p r o g r a m  d i s c u s s  d i s s i p a t i v e  e f f e c t  w i t h  b o t h  G a u s s i a n  
a n d  p o l y n o m i a l  v e l o c i t y  d i s t r i b u t i o n s  ( 1 3 , 9 , 1 2 , 1 4 ) .  
B a k h v a l o v  (11) F o u r i e r  a n a l y s e d  th e  r e s u l t s  to p r o d u c e  
h a r m o n i c  a m p l i t u d e  g r a p h s  a g a i n s t  d i s t a n c e  and p o w e r .  
Z h i l e i k i n  (15) l o o k s  at the p r o p a g a t i o n  of p u l s e s .
T h e s e  n u m e r i c a l  s o l u t i o n s  g i v e  a b a s i c  i n s i g h t  
i n t o  the e f f e c t s  w h i c h  c a n  be e x p e c t e d  w h e n  d i f f r a c t i o n  
an d  n o n - l i n e a r i t y  are b o t h  t a k e n  i n t o  a c c o u n t .
2 . 1 2  S u m m  a r y
The t h r e e  t h e o r i e s  d e s c r i b e d  in this c h a p t e r  





Fig. 2.14 Waveform resulting from numerical solution 
to the parabolic equation (Eq. 2.50). Taken from 
Bakhvalov (9).
The velocity potential across the piston is Gaussian:
- (x/a)M v=u^e
For curve (1) M=16 ; (2) M=4 ; (3) M=2 
(1) gives the best approximation to a circular piston.
Uo=0. 13m/s z=G. 62m ka=lG5
e f f e c t s  with the i n c l u s i o n  of d i f f r a c t i o n  in the field 
of a c i r c u l a r  piston. H o w e v e r ,  there are a n u m b e r  of
l i m i t a t i o n s  i n h e r e n t  in the m e t h o d s  of a p p r o a c h .
L o c k w o o d s  theory d e s c r i b e s  e f f e c t s  in the 
f a r - f i e l d  o n l y  and, a l t h o u g h  p r o b a b l y  the m o s t  u s e f u l  
for any p r a c t i c a l  a p p l i c a t i o n s ,  does not help in the 
u n d e r s t a n d i n g  of n e a r - f i e l d  e f f e c t s  w h i c h  are the m a i n  
topic of this thesis.
I n g e n i t o  and W i l l i a m s  h a v e  l o o k e d  at the 
p r o b l e m  w i t h i n  the n e a r - f i e l d ,  t h e i r  s o l u t i o n  c o n t a i n s  
b o t h  d i f f r a c t i o n  a n d  n o n - l i n e a r  e f f e c t s .  H o w e v e r ,  it
o n l y  c o n s i d e r s  the s e c o n d  h a r m o n i c  a n d  t h e r e f o r e  d o e s  
n o t  h e l p  in d e t e r m i n i n g  of w a v e f o r m  s h a p e s  w i t h i n  the 
n e a r - f i e l d .  T h e i r  s o l u t i o n  is l e f t  as a s i n g l e  i n t e g r a l
e x p r e s s i o n  (Eq. 2 . 3 5 )  o v e r  the f u n d a m e n t a l  f i e l d
s q u a r e d .  Up to n o w  n o  c l o s e d  f o r m  s o l u t i o n  h a s  b e e n  
a v a i l a b l e  for the s m a l l  s i g n a l  v e l o c i t y  p o t e n t i a l ,  h e n c e  
c o m p u t a t i o n  of the s e c o n d  h a r m o n i c  r e q u i r e d  at l e a s t  a 
d o u b l e  i n t e g r a t i o n .  In a p p e n d i x  2 the s m a l l  s i g n a l  
n e a r - f i e l d  v e l o c i t y  p o t e n t i a l  is d i s c u s s e d  a n d  I d e r i v e  
a n e w  c l o s e d - f o r m  s o l u t i o n .  A l t h o u g h  t h i s  s o l u t i o n  is 
n o t  d i r e c t l y  i n t e g r a b l e  in Eq. 2 . 3 5  it d o e s  h e l p  in the
c o m p u t a t i o n  of the s e c o n d  h a r m o n i c  a l l o w i n g  o n l y  a
s i n g l e  n u m e r i c a l  i n t e g r a t i o n .
The Soviet a p p r o a c h  to the p r o b l e m  d i r e c t l y  
c a l c u l a t e s  the w a v e f o r m  s h a p e s  w i t h i n  the n e a r - f i e l d  
w h e n  the n o n - l i n e a r  p a r a b o l i c  e q u a t i o n  is s o l v e d
n u m e r i c a l l y .  H o w ever, this n u m e r i c a l  a p p r o a c h  p r o v i d e s  
little u n d e r s t a n d i n g  of the p r o b l e m  and to dat e  has not 
been a p p l i e d  d i r e c t l y  to the case of a c i r c u l a r  piston.
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A n e w  a p p r o a c h  to t his p r o b l e m  has b e e n  
d e v e l o p e d  by the a u t h o r  w h i c h  a l l o w s  c a l c u l a t i o n  of 
n e a r - f i e l d  w a v e f o r m  s h a p e s .  T h i s  s o l u t i o n  is a m o d e l
b a s e d  on B u r g e r s  e q u a t i o n  w i t h  the i n c l u s i o n  of
d i f f r a c t i o n  e f f e c t s .  It is d i s c u s s e d  in c h a p t e r  5 a n d ,  
a l t h o u g h  n u m e r i c a l  p r o v i d e s  s o m e  i n t e r e s t i n g  i n s i g h t s
i n t o  the p r o c e s s e s  i n v o l v e d  in p r o d u c i n g  the o b s e r v e d
w a v e f o r m  s h a p e s .
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C h a p t e r  3 
E x p e r i m e n t a l  work.
3.1 I n t r o d u c t i o n
T h e  e a r l y  e x p e r i m e n t a l  w o r k  on f i n i t e  
a m p l i t u d e  e f f e c t s  w a s  m a i n l y  c o n c e r n e d  w i t h  the e x t r a  
a t t e n u a t i o n  of the f u n d a m e n t a l  f r e q u e n c y  d u e  to the 
c o n v e r s i o n  of e n e r g y  i n t o  h a r m o n i c  f r e q u e n c i e s .  F o x  and 
W a l l a c e  ( 3 1 )  n o t e d  t h a t  a t t e n u a t i o n  s h o w e d  a s m o o t h
i n c r e a s e  w i t h  i n t e n s i t y ,  d e m o n s t r a t i n g  t h a t  the e f f e c t
c o u l d  not be d u e  to c a v i t a t i o n  as p r e v i o u s l y  t h o u g h t .
T h e y  w e n t  on to i n v e s t i g a t e  t h i s  in m o r e  d e t a i l ,  l o o k i n g  
at the d e p e n d e n c e  of a t t e n u a t i o n  on p o w e r  a n d  d i s t a n c e .  
O t h e r  i n v e s t i g a t o r s  f o l l o w e d  in the s a m e  v e i n ,  B u r o v  a n d  
K r a s i l n i k o v  (40) for e x a m p l e  m a d e  m e a s u r e m e n t s  of 
a t t e n u a t i o n  at I M H z .  T h e y  w e r e  the f i r s t  to n o t i c e  an 
a s y m m e t r y  in the w a v e f o r m ;  the w a v e f o r m  p r o d u c e d  h i g h e r  
m a x i m u m  p r e s s u r e  v a l u e s  on the c o m p r e s s i o n  p h a s e ,  t h a n  
on the r a r e f a c t i o n  p h a s e .  U n l i k e  the s a w t o o t h  s h a p e  
w h i c h  is p e r f e c t l y  s y m m e t r i c a l ,  t h i s  w a v e f o r m  had a 
s m o o t h l y  r o u n d e d  b o t t o m  and a s h a r p  p e a k  at the top of 
the f o r m i n g  s h o c k .  T h e y  c o n c l u d e d  i n c o r r e c t l y  t h a t  this 
e f f e c t  w a s  d u e  to ' c a v i t a t i o n  p r o c e s s e s ' .  T h i s  
a s y m m e t r i c  t ype of w a v e f o r m  is d i s c u s s e d  f u r t h e r  in 
c h a p t e r s  5 a n d  6. Z a r e m b o  and K r a s i l ' n i k o v  (41)
c o n t i n u e d  t h i s  w o r k  p r o d u c i n g  q u a l i t a t i v e  r e l a t i o n s  of 
the v a r i a t i o n  of h a r m o n i c  f r e q u e n c i e s  in w a t e r  and o il;  
t h e y  a l s o  u s e d  S c h l i e r e n  t e c h n i q u e s  for l o o k i n g  at the
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d i s  t o r t i o  n .
T h e s e  e a r l y  m e a s u r e m e n t s  w e r e  n o t a b l e  for 
t h e i r  l ack of c o m p a r i s o n  w i t h  a n y  t h e o r y ,  and t h e i r
a c c u r a c y  w a s  l i m i t e d .  R y a n  et al. ( 4 2 )  u s e d  a p u l s e  
t e c h n i q u e  to m a k e  s i m i l a r  m e a s u r e m e n t s .  He o b s e r v e d  the 
a s y m m e t r i c  w a v e f o r m ,  a n d  c o r r e c t l y  c o n c l u d e d  t h a t  it 
f o r m e d  as a r e s u l t  of d i f f r a c t i o n  e f f e c t s  in the 
n e a r - f i e l d  r e g i o n .  R y a n ' s  r e s u l t s  u s e d  t w o  m e t h o d s  to 
p r o d u c e  h a r m o n i c  c o n t e n t ,  on e  b y  f i l t e r i n g  u s i n g  
a n a l o g u e  e l e c t r i c a l  f i l t e r s ,  the o t h e r  by d i g i t i s a t i o n  
of w a v e f o r m  p h o t o g r a p h s  f r o m  t h e  o s c i l l o s c o p e  and 
s u b s e q u e n t  F o u r i e r  a n a l y s i s .  T h e s e  r e s u l t s  w e r e
c o m p a r e d  w i t h  a p l a n e  w a v e  t h e o r y  d e v e l o p e d  by B e y e r
( 24) w h i c h  is e s s e n t i a l l y  the F u b i n i  s o l u t i o n  w i t h  a 
s e r i e s  a p p r o x i m a t i o n  to a l l o w  for d i s s i p a t i o n .  R y a n ' s  
r e s u l t s  a g r e e d  w e l l  w i t h  t h e o r y  in t e r m s  of p e r c e n t a g e  
h a r m o n i c  c o n t e n t .
In 1 9 6 5  G o u l d  et al. ( 4 3 )  w e r e  the f i r s t  to 
c o n s i d e r  the t r a n s d u c e r  as a p i s t o n  s o u r c e  a n d  i n s t e a d  
of m a k i n g  m e a s u r e m e n t  in the f a r - f i e l d  a n d  c o m p a r i n g  
t h e i r  r e s u l t s  to s p h e r i c a l  s p r e a d i n g  t h e o r i e s ;  as m o s t  
of the p r e v i o u s  w o r k e r s  had, t h e y  t o o k  m e a s u r e m e n t s  in
the n e a r - f i e l d .  A c o m p r e h e n s i v e  set of m e a s u r e m e n t s
w e r e  t a k e n  at 2 . 5 8  M H z  w i t h  a 1 . 0 1 c m  d i a m e t e r
t r a n s d u c e r .  T h e y  c o n c e n t r a t e d  on the h a r m o n i c s  up to
the t h i r d ,  t a k i n g  r e s u l t s  a c r o s s  the a x i s  of the 
t r a n s d u c e r  as w e l l  as a l o n g  it. F r o m  the m e a s u r e m e n t s  a 
n u m b e r  of i n t e r e s t i n g  c o n c l u s i o n s  w e r e  r e a c h e d
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1) The fun ci am e n t a i  b e a m  c h a n g e s  v e r y  l i t t l e  in 
s h a p e  w i t h  c h a n g e s  in p r e s s u r e ;  the s e c o n d  h a r m o n i c  b e a m  
c h a n g e s  m u c h  m o r e .
2) The s e c o n d  h a r m o n i c  r e m a i n s  m u c h  m o r e  
c o l l i m a t e d  t h a n  the f u n d a m e n t a l .
3) In b o t h  the f u n d a m e n t a l  a n d  s e c o n d  h a r m o n i c  
an o s c i l l a t o r y  a m p l i t u d e  v a r i a t i o n  is o b s e r v e d  in the 
n e a r - f i e l d .  T h i s  f i n e  s t r u c t u r e  of the f i e l d  is m o r e  
a p p a r e n t  in t h e  f u n d a m e n t a l  t h a n  the s e c o n d  h a r m o n i c .
At  the t i m e  t h e s e  m e a s u r e m e n t s  had no t h e o r y  
to c o m p a r e  t h e m  w i t h ,  h o w e v e r  l a t e r  t h e y  w e r e  c o m p a r e d  
w i t h  the t h e o r y  d e v e l o p e d  by I n g e n i t o  a n d  W i l l i a m s  (4) 
w h i c h  is d i s c u s s e d  in c h a p t e r  2, a n d  s h o w e d  g o o d  
a g r e e m e n t  in s p e c i f i c  r e g i o n s  of the n e a r - f i e l d .
A f t e r  the d e v e l o p m e n t  of L o c k w o o d s  t h e o r y  (3) 
for the f a r - f i e l d ,  m e a s u r e m e n t s  w e r e  m a d e  of f a r - f i e l d  
h a r m o n i c  b e a m s  up to the t h i r d  h a r m o n i c .  T h e s e  b e a m  
p l o t s  a g r e e d  w e l l  w i t h  his t h e o r y .  M o f f e t  ( 4 4 )  m a d e  
m e a s u r e m e n t s  at h i g h e r  i n t e n s i t i e s  c o n f i r m i n g  the 
b r o a d e n i n g  of the f u n d a m e n t a l  b e a m  w i t h  p o w e r .  F u r t h e r  
n o t a b l e  i n v e s t i g a t i o n s  w e r e  b y  B r o w n i n g  a n d  M e l l e n  ( 4 5 ) ;  
t h e y  a g a i n  n o t e d  the a s y m m e t r y  in the w a v e f o r m ,  a n d  
c o n c l u d e d  c o r r e c t l y  t h a t  ' in p a s s i n g  f r o m  F r e s n e l  to 
F r a u n h o f e r  r e g i o n s  a m a r k e d  a s y m m e t r y  a p p e a r s .  T h i s  
a s y m m e t r y  is a s c r i b e d  to an a d d i t i o n a l  p h a s e  d i s t o r t i o n  
that is i n h e r e n t  in the f i e l d  of the p r o j e c t o r  '. T h e y  
o f f e r e d  no q u a n t i t a t i v e  e x p l a n a t i o n  .
A l t h o u g h  m u c h  e x p e r i m e n t a l  w o r k  has b e e n  d o n e  
t h e r e  r e m a i n  a n u m b e r  of g a p s  a n d  p o s s i b l e  e x t e n s i o n s  to
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the i n v e s t i g a t i o n  ot the f i e l d  of a p i s t o n  s o u r c e .  The 
e x p e r i m e n t a l  i n v e s t i g a t i o n  in the f o l l o w i n g  c h a p t e r s  
l o o k s  at a n u m b e r  of a s p e c t s  w h i c h  t o g e t h e r  p r o v i d e  a 
c o m p r e h e n s i v e  v i e w  of the p r o b l e m .  M e a s u r e m e n t s  a r e  
t a k e n  in the f a r - f i e l d ,  l o o k i n g  at h i g h e r  h a r m o n i c s  t h a n  
p r e v i o u s  m e a s u r e m e n t s .  A l s o  m e a s u r e m e n t s  ar e  t a k e n  in 
the n e a r - f i e l d  r e g i o n  at p o i n t s  o f f  a x i s  a n d  e x t e n d e d  
i n t o  the s p h e r i c a l  s p r e a d i n g  r e g i o n .  Th e  m o s t
i n t e r e s t i n g  a s p e c t  is the d e v e l o p m e n t  of the a s y m m e t r i c  
w a v e f o r m  an d  the p h a s e  r e l a t i o n s h i p s  w h i c h  c a u s e  its 
d e v e l o p m e n t  in the n e a r - f i e l d .
3 . 2 E x p e r i m e n t a l  a p p a r a t u s .
T h e  s c a l e  of an e x p e r i m e n t  of t h i s  t y p e  is 
d e p e n d e n t  u p o n  the d e g r e e  of n o n - l i n e a r i t y  o b t a i n a b l e  at 
s p e c i f i c  p o w e r s  a n d  f r e q u e n c i e s .  A m e a s u r e  of t h i s  c a n  
be o b t a i n e d  a p p r o x i m a t e l y  b y  c o n s i d e r i n g  the p l a n e  w a v e  
s h o c k  f o r m a t i o n  d i s t a n c e .
Pq C^ 
PoP k
U s i n g  P = 3 . 5 ,  c = 1 4 8 0 m / s  for f r e q u e n c i e s  of the 
o r d e r  of 5 0 0 k H z  the s h o c k  f o r m a t i o n  d i s t a n c e  for p l a n e  
w a v e s  is a b o u t  3m for an i n i t i a l  a c o u s t i c  p r e s s u r e  
a m p l i t u d e  of 1 a t m o s p h e r e .  P r e s s u r e s  of s e v e r a l  
a t m o s p h e r e s  a r e  e a s i l y  o b t a i n a b l e  so the s h o c k  d i s t a n c e  
c a n  be c o n s i d e r a b l y  r e d u c e d .  T h i s  n o w  f i x e s  the
d i m e n s i o n s  of the a p p a r a t u s .
All m e a s u r e m e n t s  w e r e  m a d e  in a f i b e r g l a s s
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t a n k  w i t  11 d i m e n s i o n s  1 1 0 , 1 2 2 , 2 4  5 cm f i l l e d  w i t h  tap 
w a t e r .  A 2m o p t i c a l  b e n c h  wa s  p l a c e d  a l o n g  the l e n g t h  
of the t a n k  a n d  the h y d r o p h o n e  a n d  t r a n s d u c e r  m o u n t e d  on 
r o d s  f i x e d  to o p t i c a l  c a r r i e r s  on the b e n c h .  M o v e m e n t  
a c r o s s  the t a n k  w a s  m a d e  u s i n g  a m o d i f i e d  o p t i c a l  
c a r r i e r  a l l o w i n g  p r e c i s i o n  m o v e m e n t  o v e r  a r a n g e  of 1 5 c m  
w i t h  a p o s i t i o n i n g  a c c u r a c y  of 0 . 5 m m .  T h «  p o s i t i o n i n g  
a l o n g  the b e n c h  was by a m i l l i m e t e r  s c a l e  on the s i d e  of 
the b e n c h .  Al l  n e c e s s a r y  a l i g n m e n t  w i t h  the b e a m  was 
d o n e  a c o u s t i c a l l y .
W i t h  t his t y p e  of p r o j e c t  the t r a n s d u c e r  u s e d  
is v e r y  i m p o r t a n t  and a n u m b e r  of d i f f e r e n t  t y p e s  w e r e  
u s e d .  M o s t  w e r e  b a s e d  on a 5 0 0 k H z  t h i c k n e s s  r e s o n a n t
P Z T  c e r a m i c  d i s c ,  but the m e t h o d  o f  m o u n t i n g  t h e m
v a r i e d .  The c o n s t r u c t i o n  a n d  e v a l u a t i o n  of the
t r a n s d u c e r s  is d i s c u s s e d  in a f o l l o w i n g  s e c t i o n .  The 
s i z e  of the t r a n s d u c e r s  d e p e n d e d  u p o n  the a r e a  of 
m e a s u r e m e n t ,  t h a t  is the n e a r - f i e l d  or  f a r - f i e l d .  Th e 
d i a m e t e r s  w e r e  1 0 c m  or 5 c m  g i v i n g  n e a r - f i e l d  d i s t a n c e s  
of 8 3 c m  a n d  2 1 c m  r e s p e c t i v e l y .  In o r d e r  to g e t  h i g h e r  
d i s t o r t i o n  in s o m e  c a s e s  a i M H z  t r a n s d u c e r  w a s  u s e d .
3 . 2 . 1  Th e  P . V . D . F .  m e m b r a n e  h y d r o p h o n e .
T h e  h y d r o p h o n e  u s e d  f o r  a l l  m e a s u r e m e n t s  
u n l e s s  o t h e r w i s e  s t a t e d  wa s  a b i l a m i n a r  m e m b r a n e ,  or
f i l m  h y d r o p h o n e  d e v e l o p e d  r e c e n t l y  b y  the N a t i o n a l  
P h y s i c s  L a b o r a t o r y  and M a r c o n i .  It has s o m e  u n i q u e  
c h a r a c t e r i s t i c s  w h i c h  m a k e  it w e l l  s u i t e d  to the 
m e a s u r e m e n t s  u n d e r t a k e n .
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The h y d r o p h o n e  c o n s i s t s  of a s h e e t  of the 
p i e z o e l e c t r i c  p o l y m e r  po 1 y v i n  y 1 i d e ne ( P V D F )  s t r e t c h e d  
o v e r  a f r a m e  1 0 c m  d i a m e t e r .  A s m a l l  c e n t r a l  r e g i o n ,  4 m m  
in d i a m e t e r ,  has an e v a p o r a t e d  g o l d  c o a t i n g  a n d  it is 
this a r e a  w h i c h  is e l e c t r i c a l l y  p o l e d  at h i g h
t e m p e r a t u r e  to i n d u c e  its p i e z o e l e c t r i c  p r o p e r t i e s .  On 
o n e  s i d e  a t h i n  l e a d  is e v a p o r a t e d  f r o m  th e  c e n t r a l  
p o l e d  r e g i o n  to the e d g e  to f o r m  t h e  p o s i t i v e  l e a d ,  on 
the o t h e r  s i d e  the w h o l e  f i l m  is c o v e r e d  w i t h  g o l d  to 
f o r m  the e a r t h  p l a n e .  A s e c o n d  l a y e r  of P V D F  is p l a c e d  
o v e r  the p o s i t i v e  s i d e  and g o l d  e v a p o r a t e d  o n  the o u t e r  
s u r f a c e  to c o m p l e t e  the s h i e l d i n g .
E a c h  l a y e r  is 2 5 u m  t h i c k ,  c o n s e q u e n t l y  its 
n a t u r a l  r e s o n a n t  f r e q u e n c y  is a p p r o a c h i n g  5 0 M H z  ( t h e  
v e l o c i t y  of s o u n d  in P V D F  is 2 3 0 0 m / s )  h e n c e  w h e n
r e c e i v i n g  o f f  r e s o n a n c e  at l o w e r  f r e q u e n c i e s  the 
r e s p o n s e  s h o u l d  be l o w e r  b u t  f l a t t e r .  M e a s u r e m e n t s  by 
P r e s t o n  et al. ( 4 6 )  s u p p o r t  t h i s ,  g i v i n g  a f lat  
r e s p o n s e  in the r e g i o n  0 . 5 M H z  to l O M H z  w i t h i n  Idb. T h e  
h y d r o p h o n e  u s e d  h a s  an end o f  c a b l e  s e n s i t i v i t y  of 
- 2 3 . 3 d b  re l u V / u b  + / - 1 0 %  as m e a s u r e d  by the
m a n u  f a c t u r e s .
P V D F  has an a c o u s t i c  i m p e d a n c e  of 4 X 1 0 ^  R a y  Is, 
w h i c h  is c l o s e  to w a t e r ;  t h i s  c o m b i n e d  w i t h  the f a c t  
t h a t  the h y d r o p h o n e  is c o n s t r u c t e d  u s i n g  a t h i n  f i l m  
m a k e s  the t r a n s m i s s i o n  c o e f f i c i e n t  v e r y  h i g h .  Th e
h y d r o p h o n e  d o e s  no t  t h e r e f o r e  d i s t u r b  th e  f i e l d  a n d  the 
a c o u s t i c  b e a m  p a s s e s  r i g h t  t h r o u g h  the m e m b r a n e .  W i t h  
w i d e r  b e a m s  the f r a m e  r e f l e c t s  the s i g n a l ,  but this 
e f f e c t  can be t ime g a t e d .
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L i n e a r i t y  m e a s u r e m e n t s  by P r e s t o n  et al. ( 46) 
i n d i c a t e  that the h y d r o p h o n e  is l i n e a r  o v e r  the 
f r e q u e n c y  r a n g e  of i n t e r e s t .  T h i s  w a s  to a p r e s s u r e  
a m p l i t u d e  of s i x  a t m o s p h e r e s ,  w h i c h  was the h i g h e s t  
p r e s s u r e  at w h i c h  it was t e s t e d .
T h e  c h a r a c t e r i s t i c s  of the h y d r o p h o n e  e n a b l e  
d i r e c t  o b s e r v a t i o n  of the f i n i t e  a m p l i t u d e  d i s t o r t e d  
w a v e f o r m  w i t h o u t  h a v i n g  to c o r r e c t  for the h y d r o p h o n e  
r e s p o n s e .  T h i s  has b e e n  an o v e r w h e l m i n g  a d v a n t a g e  as 
w i l l  be  s e e n  in the l a t e r  c h a p t e r s .
3 . 2 . 2  T r a n s d u c e r s
T h e  t r a n s d u c e r  f o r m s  o n e  of the m a i n
c o m p o n e n t s  of the e x p e r i m e n t a l  s y s t e m .  S i n c e  we a r e
c o n c e r n e d  w i t h  the a c o u s t i c  f i e l d  o f  a c i r c u l a r  p i s t o n  
s o u r c e  the t r a n s d u c e r  m u s t  b e h a v e  as c l o s e l y  as p o s s i b l e  
the s p e c i f i c a t i o n  of p i s t o n  m o v e m e n t .  T h i s  p r o v e d  to b e  
m o r e  d i f f i c u l t  t h a n  a n t i c i p a t e d  a n d  a n u m b e r  of 
d i f f e r e n t  t r a n s d u c e r  d e s i g n s  w e r e  t e s t e d .
W i t h  s i n g l e  d i s c  t r a n s d u c e r s  h a v i n g  l a r g e  ka 
v a l u e s  it is v e r y  d i f f i c u l t  to a v o i d  e x c i t i n g  s u r f a c e  
m o d e s  in a d d i t i o n  to the r e q u i r e d  p i s t o n  m o d e  of 
v i b r a t i o n .  T h e s e  m o d e s  a r e  d i f f e r e n t ,  d e p e n d i n g  on 
w h e t h e r  the e d g e s  of the d i s c  a r e  f i r m l y  f i x e d  or f r e e .  
E x a m p l e s  of this o c c u r i n g  c a n  be s e e n  in the d i f f e r e n t  
t y p e s  of t r a n s d u c e r  c o n s t r u c t e d .
T h e  t h r e e  t r a n s d u c e r  t y p e s  u s e d  in the 
m e a s u r e m e n t s  ar e  s h o w n  in f i gs. 3.1 to 3 . 3 .  T h e  f i r s t  


















Fig. 3.3 Perspex Transducer.
e m b e d e d  in A r a l d i t e  r e s i n ,  and a q u a r t e r  w a v e l e n g t h  
t h i c k n e s s  of A r a l d i t e  is m a c h i n e d  on the f r o n t  s u r f a c e .  
At the r e a r ,  an a b s o r b e r  of f l y - a s h  a t t e n u a t e s  the s o u n d  
w h i c h  is t r a n s m i t t e d  b a c k w a r d s .  T w o  d i f f e r e n t
t r a n s d u c e r s  of this type w e r e  u s e d  at f r e q u e n c i e s  of 
5 0 0 k H z  a n d  I M H z  w i t h  r a d i i  of 5 cm a n d  2 . 5 c m
r e s p e c t i v e l y .  T h e  m a i n  p r o b l e m  w i t h  t his t y p e  of
c o n s t r u c t i o n  is the l o w  e f f i c i e n c y  d u e  to h a l f  the 
a c o u s t i c  e n e r g y  b e i n g  a b s o r b e d .  T h e  e f f i c i e n c y  of the 
5 cm t r a n s d u c e r  is 25% a n d  the 2 . 5  cm o n e  4 2 % ,  as
m e a s u r e d  by s e l f  r e c i p r o c i t y .  A l s o ,  b e c a u s e  of the
q u a r t e r  w a v e  m a t c h i n g  l a y e r ,  the Q of the t r a n s d u c e r s  is 
lo w  b e i n g  7. 6  for the 5 cm t r a n s d u c e r  a n d  5 . 8  f o r  the 
2 . 5 c m  t r a n s d u c e r .
A s e c o n d  t y p e  of t r a n s d u c e r  is s h o w n  in
fig. 3.2. T h e  c e r a m i c  d i s c  is s u p p o r t e d  by a t h i n  
a l u m i n i u m  s h e e t  on the f r o n t  s u r f a c e ,  the s h e e t  is m u c h  
t h i n n e r  t h a n  the q u a r t e r  w a v e l e n g t h  t h i c k n e s s ,  b e i n g  
o n l y  0 . 3 m m  t h i c k .  T h e  c e r a m i c  is b o n d e d  to the
a l u m i n i u m  w i t h  s i l v e r  e p o x y  a d h e s i v e  w h i c h  a l s o  f o r m s  
the n e g a t i v e  e l e c t r i c a l  c o n t a c t .  5 m m  t h i c k  a l u m i n i u m  is 
a l s o  b o n d e d  to the t h i n  s h e e t  a r o u n d  the c e r a m i c  to g i v e  
a d d e d  s u p p o r t .  W i t h  this t y p e  of c o n s t r u c t i o n  the Q a n d  
e f f i c i e n c y  are h i g h e r  b e i n g  26 a n d  6 2 %  r e s p e c t i v e l y ,  
h o w e v e r  the c e r a m i c  is l e s s  w e l l  s u p p o r t e d  a n d  f l a p p i n g  
o c c u r s  .
T h e  t h i r d  t y p e  of t r a n s d u c e r  is s h o w n  in
fig. 3.3 it c o n s i s t s  of a c e r a m i c  d i s c  b o n d e d  to a
q u a r t e r  w a v e l e n g t h  t h i c k  p i e c e  of p e r s p e x  fo r  the f r o n t  
s u r f a c e .  The c a s i n g  is a m a c h i n e d  p i e c e  of p e r s p e x
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b o l t e d  to the f r o n t  p l a t e  w i t h  an 'O' r i n g  s e a l .  T h i s  
p r o v i d e s  an a i r  b a c k i n g  for the c e r a m i c .  T h e  e f f i c i e n c y  
an d  Q for t h i s  t r a n s d u c e r  a r e  8 6 %  a n d  9,8 r e s p e c t i v e l y .
T o  e v a l u a t e  the p e r f o r m a n c e  of the t r a n s d u c e r s  
m e a s u r e m e n t s  of the s m a l l  s i g n a l  p r e s s u r e  v a r i a t i o n  w e r e  
t a k e n  a l o n g  the a c o u s t i c  a x i s  of e a c h  t r a n s d u c e r .  T h e  
r e s u l t s  of t h e s e  m e a s u r e m e n t s  a r e  s h o w n  in f i g s .  3 . 4  to 
3 . 7 .  O n  e a c h  g r a p h  the p r e s s u r e  m e a s u r e d  at the l a s t  
m a x i m u m  h a s  b e e n  u s e d  to n o r m a l i s e  the p r e s s u r e  at the 
l a s t  m a x i m u m  on  the t h e o r e t i c a l  g r a p h s .
A g r e e m e n t  w i t h  t h e o r y  is far f r o m  p e r f e c t  d u e  
to the v e l o c i t y  p r o f i l e  a c r o s s  the c e r a m i c  d i s c  b e i n g  
d i f f e r e n t  f r o m  t h a t  of a p i s t o n .  It is c u s t o m a r y  to 
a s s i g n  e f f e c t i v e  r a d i i  to s u c h  t r a n s d u c e r s  b a s e d  o n  the 
d i s t a n c e  to the l a s t  m a x i m u m .  F o r  t h e s e  t r a n s d u c e r s  the 
e f f e c t i v e  r a d i i  are 4 . 6 c m ,  2 . 3 c m ,  2 . 1 c m  an d  2 . 3 c m  fo r
the 5 c m ,  2 . 5 c m  a r a l d i t e ,  2 . 5 c m  a l u m i n u m  a n d  2 . 5 c m  
p e r s p e x  t r a n s d u c e r s  r e s p e c t i v e l y .
E a c h  t r a n s d u c e r  w a s  i n d i v i d u a l l y  m a t c h e d  to an 
i m p e d a n c e  of  50 o h m s  by a m a t c h i n g  t r a n s f o r m e r  to e n a b l e  
m a x i m u m  p o w e r  to be  t r a n s m i t t e d  i n t o  the w a t e r
3 . 2 . 3  T h e  t r a n s m i t t i n g  s y s t e m
In o r d e r  to r e d u c e  the e f f e c t s  of r e f l e c t i o n s  
f r o m  t h e  s i d e s  of the t a n k  t o n e  b u r s t  t r a n s m i s s i o n s  w e r e  
u s e d  f o r  m e a s u r e m e n t s .  T h e  m e a s u r e m e n t s  w e r e  t a k e n  m o r e  
t h a n  a f e w  c y c l e s  i n t o  the t o n e  b u r s t  to a v o i d  t r a n s i e n t  
e f f e c t s  d u e  to the f i n i t e  b a n d w i d t h  of the t r a n s d u c e r .
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s h o w n  in fig 3.8. T h e  s i g n a l  s o u r c e  is a P h i l l i p s  
P M 5 1 9 0  f r e q u e n c y  s y n t h e s i s e r ;  t h i s  i n s t r u m e n t  a l l o w s
f r e q u e n c i e s  to b e  set b y  a f r o n t  p a n e l  k e y b o a r d  or v i a
the I E E E  4 8 8  bus f r o m  a c o m p u t e r .  T h e  s y n t h e s i s e r  has a 
low d i s t o r t i o n  a n d  a v e r y  g o o d  f r e q u e n c y  s t a b i l i t y .  Th e  
s i g n a l  f r o m  th e  s y n t h e s i s e r  is i n p u t  to a p u r p o s e  
d e s i g n e d  g a t e .  T h i s  g a t e  p r o d u c e s  the t o n e  b u r s t ,  the 
s t a r t  of w h i c h  is c o n t r o l l e d  by a p u l s e  g e n e r a t o r .  A 
v a r i a b l e  p u l s e  l e n g t h  is a v a i l a b l e  on the g a t e  i t s e l f .  
A l t h o u g h  the g a t e  is t r i g g e r e d  by an a s y n c h r o n o u s  p u l s e ,
i n t e r n a l  c i r c u i t r y  m a k e s  s u r e  t h a t  the c a r r i e r  is l o c k e d
to the e n v e l o p e .
T h e  h i g h  p o w e r  n e e d e d  to p r o d u c e  the f i n i t e  
a m p l i t u d e  e f f e c t s  w a s  p r o v i d e d  by an E N  I 2 1 0 0 L  p o w e r  
a m p l i f i e r .  T h i s  a m p l i f i e r  is c a p a b l e  of d e l i v e r i n g  20 0  
w a t t s  i n t o  50 o h m s ,  it has a 5 0 d b  g a i n  o v e r  the 
f r e q u e n c y  r a n g e  of l O k H z  to 1 2 M H z .
3 . 2 . 4  A n  a u t o m a t i c  b e a m  p l o t t e r .
T h e r e  a r e  e s s e n t i a l l y  t w o  m e t h o d s  to e x t r a c t  
h a r m o n i c  l e v e l s  f r o m  t h e  s i g n a l  a f t e r  it has b e e n  
r e c e i v e d  o n  the h y d r o p h o n e ,  by d i r e c t  a n a l o g u e  
f i l t r a t i o n  or b y  d i g i t i s a t i o n  of the s i g n a l  a n d  F o u r i e r  
a n a l y s i n g  the r e s u l t  in a c o m p u t e r .  T h e  f i r s t  m e t h o d  is 
g o o d  o n l y  w h e n  a fe w  h a r m o n i c  l e v e l s  a r e  r e q u i r e d ,  w h e n  
a l a r g e r  n u m b e r  of h a r m o n i c s  a r e  n e e d e d  or p h a s e s  a r e  
r e q u i r e d  a f i l t e r  b a n k  b e c o m e s  i n p r a c t i c a l .
I n i t i a l  w o r k  w a s  d o n e  u s i n g  an a n a l o g u e  f i l t e r  


































o p t i c a l  b e n c h  and a c r o s s  it. T h i s  w a s  f o u n d  t i m e  
c o n s u m i n g  a n d  an a u t o m a t i c  s y s t e m  was d e s i g n e d ,  this 
s t i l l  u s e d  an a n a l o g u e  f i l t e r  b u t  a n g u l a r  m o v e m e n t  w a s  
s t i l l  d o n e  a u t o m a t i c a l l y .  A s e c o n d  s y s t e m  fo r  s i g n a l  
d i g i t i s a t i o n  w a s  a l s o  u s e d  w h i c h  is d e s c r i b e d  in the 
n e x t  s e c t i o n ;  t h i s  s t i l l  r e l i e d  on m a n u a l  m o v e m e n t .
A b l o c k  d i a g r a m  of  the a u t o m a t i c  b e a m  p l o t t e r  
is s h o w n  in fig. 3 . 9 .  A u t o m a t i o n  is a c h i e v e d  by
r o t a t i n g  the t r a n s d u c e r  on a t u r n t a b l e .  P u l s e s  
t r a n s m i t t e d  c o n t i n u a l l y  as the t r a n s d u c e r  r o t a t e s  a r e  
d e t e c t e d  by the h y d r o p h o n e  a n d  t h e  a m p l i t u d e  m e a s u r e d  by 
a c o m p u t e r .  T h u s  e a c h  p u l s e  r e c e i v e d  is e m i t t e d  at a 
d i f f e r e n t  a n g l e  a n d  t h e  f u l l  b e a m  p l o t  c a n  be b u i l t  u p  
r a p i d l y .
T h e  t u r n t a b l e  u s e d  w a s  a B r u e l  a n d  K j a e r  3 9 2 2 ,  
it r o t a t e s  at 4 . 5  d e g r e e s  p e r  s e c o n d ,  the s p e e d  b e i n g  
set b y  the m a i n s  f r e q u e n c y .  A c o n t r o l l e r  e n a b l e s  a 
v a r i a b l e  a n g l e  to b e  s w e p t  o v e r ,  the t a b l e  c h a n g i n g  
d i r e c t i o n  a u t o m a t i c a l l y  a f t e r  a p r e d e t e r m i n e d  a n g l e  is 
s w e p t .  T h e  c o n t r o l l e r  a l s o  g i v e s  out a s i g n a l  w h i c h  
c h a n g e s  s t a t e  w h e n  the t u r n t a b l e  c h a n g e s  d i r e c t i o n ,  t h i s  
is u s e d  to s t a r t  the r e c o r d i n g  of the p l o t .
O n  r e c e p t i o n  the s i g n a l  f r o m  t h e  f i l m  
h y d r o p h o n e  w a s  fed to a w i d e  b a n d  a m p l i f i e r  a f t e r  a 
s h o r t  l e n g t h  of c a b l e .  T h e  a m p l i f i e r  is u s e d  to c o n v e r t  
the h y d r o p h o n e  i m p e d a n c e  a n d  d r i v e  the s i g n a l  d o w n  a 
l o n g e r  c a b l e .  If t his is n o t  u s e d  a l a r g e  a t t e n u a t i o n  
o c c u r s  d u e  to the c a b l e  c a p a c i t a n c e .
A p u r p o s e  d e s i g n e d  b a n d p a s s  f i l t e r  w a s  u s e d  to 










































T h e  s e c o n d  h a r m o n i c  p a s s i v e  f i l t e r  is a t h r e e  s t a g e  
i n d u c t i v e l y  c o u p l e d  T c h e b y c h e f f  d e s i g n  ( 4 7 ) ;  th e  
b a n d p a s s  is at a f r e q u e n c y  of I M H z  a n d  it p r o v i d e s  a 
5 0 d b  a t t e n u a t i o n  at the f u n d a m e n t a l  f r e q u e n c y  of 5 0 0 k H z .  
T h e  s i g n a l  f r o m  t h e  f i l t e r  w a s  f u r t h e r  a m p l i f i e d  by a 
B r o o k d e a l  9 4 5 2  s i g n a l  a m p l i f i e r .
In o r d e r  to d i g i t a l l y  s a m p l e  the s i g n a l ,  the 
e n v e l o p e  has to b e  e x t r a c t e d .  T h i s  w a s  a t t a i n e d  by a 
h a l f w a v e  r e c t i f i e r  and a l o w  p a s s  f i l t e r .  U s u a l l y
p r e c i s i o n  r e c t i f i e r s  a r e  b a s e d  on o p e r a t i o n a l  
a m p l i f i e r s ,  h o w e v e r  at t h e s e  h i g h e r  f r e q u e n c i e s  t h e y  d o  
n o t  p r o v i d e  e n o u g h  g a i n .  A n o v e l  t e c h n i q u e  has b e e n  
d e v e l o p e d  to o v e r c o m e  t h i s  p r o b l e m ;  the i n p u t  s i g n a l  is 
u s e d  to c o n t r o l  a g a t e  at s u c h  a r a t e  t h a t  the g a t e  is
o p e n  on the p o s i t i v e  h a l f  c y c l e s  of the w a v e f o r m  a n d
c l o s e d  on the n e g a t i v e  h a l f  c y c l e s .  Th e  c i r c u i t  is 
b a s e d  on a C M O S  4 0 6 6  a n a l o g u e  g a t e  and c a n  go u p  to 
f r e q u e n c i e s  of a b o u t  l O M H z .  A f t e r  the r e c t i f i e r  a 
K r o h n - h i t e  3 2 0 2  b a n d p a s s  f i l t e r  w a s  u s e d  to c o m p l e t e  the 
e n v e l o p e  e x t r a c t i o n  p r o c e s s .
T o  d i g i t i s e  the s i g n a l  a D a t a l a b  D L 9 0 5
t r a n s i e n t  r e c o r d e r  w a s  u s e d ;  t h i s  i n s t r u m e n t  s a m p l e s  the
r e c e i v e d  e n v e l o p e  at a t i m e  d e p e n d e n t  u p o n  a d e l a y e d
p u l s e  f r o m  t h e  t r a n s m i t  p u l s e  g e n e r a t o r .  T h e  s t a r t  of
the r u n  w a s  d e t e r m i n e d  by th e  c h a n g e  in d i r e c t i o n  of the
t u r n t a b l e ,  a t r i g g e r  s i g n a l  was s e n t  to the t r a n s i e n t
r e c o r d e r  at t h i s  t i m e ,  to s t a r t  it s a m p l i n g .  As the
t r a n s d u c e r  r o t a t e s  the t r a n s i e n t  r e c o r d e r  s a m p l e s  the
m a g n i t u d e  of the r e c e i v e d  s i g n a l .  1 0 2 4  s a m p l e s  w e r e
t a k e n  for o n e  b e a m  p l o t ,  the a n g l e  b e t w e e n  s a m p l e s  b e i n g
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d e t e r m i n e d  by the p u l s e  r e p e t i t i o n  f r e q u e n c y .  T h e  d a t a  
w i t h i n  the t r a n s i e n t  r e c o r d e r  w a s  e x t r a c t e d  v i a  the I E E E  
48 8 b u s  to a H P 9 8 2 5  c a l c u l a t o r  for p r o c e s s i n g  a n d
p l o t t i n g .
3 . 2 . 5  A H i g h  f r e q u e n c y  s i g n a l  d i g i t i s e r
A n o t h e r  m e t h o d  o f  e x t r a c t i n g  h a r m o n i c
f r e q u e n c i e s  f r o m  s i g n a l s  is to d i g i t i s e  the w a v e f o r m  a n d
F o u r i e r  a n a l y s e  the r e s u l t s  in a c o m p u t e r .  I n i t i a l l y
this w a s  d o n e  by d i g i t i s i n g  w a v e f o r m  p h o t o g r a p h s  t a k e n
o f f  t h e  o s c i l l o s c o p e ,  h o w e v e r  d i r e c t  d i g i t i s i n g  is a
b e t t e r  m e t h o d , .  S u c h  a s y s t e m  is d e s c r i b e d  b e l o w  w i t h  
e f f e c t i v e  s a m p l i n g  f r e q u e n c i e s  in e x c e s s  of 5 0 0 M H z .
A b l o c k  d i a g r a m  o f  the s y s t e m  is s h o w n  in
fig. 3 . 1 0 .  A l t h o u g h  d i r e c t  a n a l o g u e  to d i g i t a l
c o n v e r t e r s  a r e  n o t  a v a i l a b l e  at v e r y  h i g h  f r e q u e n c i e s ,
it is p o s s i b l e  to d i g i t i s e  a s i g n a l  b y  u s i n g  the
p r o p e r t y  t h a t  it is r e p e t i t i v e .  On the f i r s t  p u l s e  the
s i g n a l  is s a m p l e d  at a p a r t i c u l a r  p o i n t ,  on the n e x t  it
is s a m p l e d  s l i g h t l y  f u r t h e r  a l o n g  the w a v e f o r m ;  t h i s  
c o n t i n u e s  for e a c h  t o n e  b u r s t ,  s l o w l y  b u i l d i n g  up a 
d i g i t i s e d  r e c o r d  o f  the w a v e f o r m .  T h e  d i g i t i s a t i o n  r a t e  
n e e d e d  is o n l y  the p u l s e  r e p e t i t i o n  r a t e .  T h e  a c t u a l  
i m p l e m e n t a t i o n  of t his m e t h o d  is r a t h e r  c o m p l e x ;  it
r e q u i r e s  v e r y  s t a b l e  t r i g g e r s  a n d  s p e c i a l  s c a n n i n g
in s t r u m e n  t a t i o n .
T h e  s i g n a l  f r o m  t h e  f i l m  h y d r o p h o n e  is i n p u t
to a G o u l d  O S 3 3 0 0  o s c i l l o s c o p e .  T h e  o s c i l l o s c o p e  f o r m s

































































the s e c o n d  a l l o w s  a d e l a y e d  s i g n a l  to be e n l a r g e d .  If
the r e c e i v e d  s i g n a l  is e n l a r g e d  by the o s c i l l o s c o p e  a 
h i g h l y  s t a b l e  o u t p u t  is a v a i l a b l e  w h i c h  i n d i c a t e s  the 
s t a r t  t i m e  of t his e n l a r g e d  w a v e f o r m .  T h i s  o u t p u t  c a n  
be set to o c c u r  at the s t a r t  of the w a v e f o r m  to be
r e c o r d e d ,  by m a n i p u l a t i o n  of the o s c i l l o s c o p e  c o n t r o l s .  
T h i s  s i g n a l  f r o m  t h e  o s c i l l o s c o p e  is i n p u t  as a t r i g g e r  
s i g n a l  to a B r o o k d e a l  9 4 2 5  s c a n  d e l a y  g e n e r a t o r .  T h e
s c a n  d e l a y  g e n e r a t o r  is a p u l s e  g e n e r a t o r  w i t h  the a d d e d
f a c i l i t y  t h a t  the d e l a y  of a p u l s e  a f t e r  the t r i g g e r  
s i g n a l  is c o n t r o l l e d  by an e x t e r n a l  v o l t a g e ,  the
e x t e r n a l  v o l t a g e  in t h i s  c a s e  b e i n g  f r o m  a s w e e p  
g e n e r a t o r .  T h u s  on e a c h  s u c c e s s i v e  t o n e  b u r s t  the 
o u t p u t  f r o m  t h e  s c a n  d e l a y  g e n e r a t o r  is a p u l s e  w h i c h  is 
d e l a y e d  by an i n c r e a s i n g  a m o u n t  of t i m e .  T h e  o u t p u t  
f r o m  t h e  s c a n  d e l a y  g e n e r a t o r  is fed to a c o n v e n t i o n a l  
p u l s e  g e n e r a t o r  to e n a b l e  f u r t h e r  c o n t r o l  of d e l a y s  a n d  
c o n v e r s i o n  of v o l t a g e .
T h e  o u t p u t  f r o m  th e  s c a n  d e l a y  g e n e r a t o r  is
the s i g n a l  r e q u i r e d  to t e l l  the t r a n s i e n t  r e c o r d e r  w h e n  
to s a m p l e  the w a v e f o r m .  A n o t h e r  p r o b l e m  o c c u r s  h e r e ;  
a l t h o u g h  t h e  d i g i t i s a t i o n  r a t e  is l o w  th e  s l e w  r a t e  of 
the i n p u t  s i g n a l  is t o o  h i g h  for the t r a n s i e n t  r e c o r d e r .  
A s a m p l e  and h o l d  c i r c u i t  b e f o r e  the t r a n s i e n t  r e c o r d e r  
o v e r c o m e s  t his p r o b l e m  a n d  the s i g n a l  is h e l d  c o n s t a n t  
for a l o n g e r  t i m e  to e n a b l e  the t r a n s i e n t  r e c o r d e r  to
d i g i t i s e  it. T h e  t i m e  w h e n  the s i g n a l  is s a m p l e d  a n d
h e l d ,  a n d  the t i m e  w h e n  the t r a n s i e n t  r e c o r d e r  s a m p l e s  
the s i g n a l  are d e t e r m i n e d  by the o u t p u t  f r o m  t h e  s c a n  
d e l a y  g e n e r a t o r  w i t h  a p p r o p r i a t e  d e l a y s  f r o m  an
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a d d i t i o n a l  p u l s e  g e n e r a t o r .
O n c e  a set of 1 0 2 4  p o i n t s  on the w a v e  f o r m  has 
b e e n  t a k e n  the d a t a  f r o m  t h e  t r a n s i e n t  r e c o r d e r  c a n  be 
e x t r a c t e d  fo r  p r o c e s s i n g  in a c o m p u t e r .  In t h i s  c a s e  
the F o u r i e r  a n a l y s i s  is d o n e  in a H P 9 8 2 5  c a l c u l a t o r .
3 . 2 . 6  A c c u r a c y  c o n s i d e r a t i o n s .
T h e r e  are t h r e e  m a i n  t y p e s  of i n a c c u r a c y  in
the a b o v e  s y s t e m s :  U n c e r t a i n t y  in the a b s o l u t e  p r e s s u r e
l e v e l s ,  h a r m o n i c  d i s t o r t i o n  w i t h i n  the s y s t e m  a n d  p h a s e  
d i s t o r t i o n .
T h e  u n c e r t a i n t y  in th e  a b s o l u t e  p r e s s u r e  is
c o n t r o l l e d  m a i n l y  b y  the h y d r o p h o n e  c a l i b r a t i o n  w h i c h  is 
o n l y  q u o t e d  to w i t h i n  10%, w i t h  u p  to a I d b  v a r i a t i o n  
w i t h  f r e q u e n c y .
H a r m o n i c  d i s t o r t i o n  w i t h i n  the s y s t e m  is v e r y  
i m p o r t a n t  a n d  m u s t  b e  k e p t  to an a b s o l u t e  m i n i m u m  w i t h
t h i s  t y p e  of m e a s u r e m e n t .  On th e  t r a n s m i t  s i d e  the
f r e q u e n c y  s y n t h e s i s e r  is q u o t e d  to h a v e  a h a r m o n i c
d i s t o r t i o n  of 1.5 % .  A s i m i l a r  f i g u r e  is g i v e n  for the
p o w e r  a m p l i f i e r .  T h e  e f f e c t  of d i r e c t  t r a n s m i s s i o n  is
d i s c u s s e d  f u r t h e r  in a f u t u r e  c h a p t e r .
O n  r e c e p t i o n  the h a r m o n i c  d i s t o r t i o n  b e t w e e n  
the f i l m  h y d r o p h o n e  a n d  t h e  t r a n s i e n t  r e c o r d e r  w a s
m e a s u r e d  by p u t t i n g  a s i n e w a v e  i n t o  the i n p u t  a n d
F o u r i e r  a n a l y s i n g  the d i g i t i s e d  r e s u l t  in the t r a n s i e n t
r e c o r d e r .  In s u c h  a t e s t  th e  d i s t o r t i o n  w a s  f o u n d  to b e  
less t h a n  one p a r t  in 2 5 5 ,  the m a x i m u m  d y n a m i c  r a n g e  of 
the t r a n s i e n t  r e c o r d e r .  It is t h i s  d y n a m i c  r a n g e  of
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4 8 d b  w h i c h  has b e e n  f o u n d  to b e  a l i m i t i n g  f a c t o r  in 
m e a s u r e m e n t s .  In the c a s e  of the b e a m  p l o t t e r  it has 
b e e n  o v e r c o m e  b y  t a k i n g  t w o  p l o t s ,  a n o r m a l  o n e  a n d  o n e  
w i t h  an e x t r a  g a i n ,  u s u a l l y  of a b o u t  2 0 d b .  A l t h o u g h  the 
s e c o n d  p l o t  has the h i g h e r  p a r t s  of the p l o t  l i m i t e d ,  it 
is p o s s i b l e  to fit the t w o  t o g e t h e r  in the c a l c u l a t o r  to 
p r o d u c e  a s i n g l e  p l o t  w i t h  a g r e a t e r  d y n a m i c  r a n g e .
A t t e m p t s  at m e a s u r i n g  a b s o l u t e  p h a s e  of the 
w a v e f o r m  in the w a t e r  ar e  m a d e  e x t r e m e l y  d i f f i c u l t  by 
t e m p e r a t u r e  f l u c t u a t i o n s .  H o w e v e r ,  r e l a t i v e  p h a s e  
m e a s u r e m e n t s  b e t w e e n  the v a r i o u s  h a r m o n i c s  a r e  m u c h  
e a s i e r .  T h e  e r r o r  a s s o c i a t e d  w i t h  the t r a n s i e n t  
r e c o r d e r  in this c a s e  is o n e  p a r t  in 1 0 2 4  o v e r  the two 
c y c l e s  t a k e n ,  w h i c h  g i v e s  an a b s o l u t e  e r r o r  of a b o u t  0 . 7  
d e g r e e s .  P h a s e  d i s t o r t i o n  b e t w e e n  r e c e i v i n g  the s i g n a l  
a n d  t h e  t r a n s i e n t  r e c o r d e r  w a s  o b s e r v e d  to b e  s m a l l .
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C h a p t e r  4 
S o m e  e x p e r i m e n t a l  r e s u l t s .
4 . 1  I n t r o d u c t i o n .
T h e  e x p e r i m e n t a l  i n v e s t i g a t i o n  p r e s e n t e d  in 
t h i s  c h a p t e r  i n t o  f i n i t e  a m p l i t u d e  e f f e c t s  in the f i e l d
of a c i r c u l a r  t r a n s d u c e r ,  h a s  b e e n  l i m i t e d  to the
t r a n s i t i o n  r e g i o n  b e t w e e n  the n e a r - f i e l d  a n d  f a r - f i e l d .  
T h i s  r e g i o n  is h o w e v e r  the m o s t  i n t e r e s t i n g ,  w h e r e  b o t h  
d i f f r a c t i o n  a n d  n o n - l i n e a r i t y  c o n t r i b u t e  to the m e a s u r e d  
a c o u s t i c  f i e l d .  A n u m b e r  of a s p e c t s  of the e x p e r i m e n t a l  
w o r k  a r e  d i s c u s s e d  w h i c h  r e l a t e  to the t h e o r e t i c a l
d i s c u s s i o n  in c h a p t e r  2 a n d  a p p e n d i x  2, e x t e n d i n g  s o m e  
a r e a s  of  p r e v i o u s  m e a s u r e m e n t .
T h e  m a i n  t o p i c s  a r e  t h e  b e a m  s h a p e s  of the
h a r m o n i c s  a n d  t h e  b e a m  w i d t h s  of t h e s e  in the r e g i o n
w e l l  b e f o r e  the s h o c k  is f o r m e d .  T h i s  i n v e s t i g a t i o n
r e v e a l s  an e x t r a  s i d e  l o b e  w h i c h  is a t t r i b u t e d  to 
n e a r - f i e l d  e f f e c t s .
T o w a r d s  the e n d  o f  the c h a p t e r  the s e c o n d  
h a r m o n i c  is l o o k e d  at in m o r e  d e t a i l  on the a c o u s t i c  
a x i s ,  as w e l l  as o v e r  the w h o l e  of the n e a r - f i e l d
r e g i o n .
T h r o u g h o u t  t h i s  c h a p t e r  a n d  the f o l l o w i n g  o n e s  
d i f f e r e n t  t r a n s d u c e r s  a r e  u s e d ,  t h e s e  h a v e  all b e e n
d i s c u s s e d  in c h a p t e r  3. H o w e v e r ,  in the d i s c u s s i o n
b e l o w  t h e y  a r e  d e f i n e d  by the l e t t e r s  A - D  as f o l l o w s :
A )  A r a l d i t e  t r a n s d u c e r ;  5 c m  r a d i u s ,  5 0 0 k H z .
B) T r a n s d u c e r  w i t h  t h i n  a l u m i n i u m  s h e e t  on
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f r o n t  s u r f a c e ;  2 . 5 c m  r a d i u s ,  5 0 0 k H z .
C) T r a n s d u c e r  w i t h  1 / 4  w a v e  p e r s p e x  on f r o n t  
s u r f a c e ;  2 . 5 c m  d i a m e t e r ,  5 0 0 k H z .
D) A r a l d i t e  t r a n s d u c e r ;  2 . 5 c m  r a d i u s ,  i M Hz.
4 . 2  Th e  s m a l l  s i g n a l  f i e l d .
B e f o r e  d i s c u s s i n g  f i n i t e  a m p l i t u d e
m e a s u r e m e n t s  it is a p p r o p r i a t e  to l ook at m e a s u r e m e n t s  
in the n e a r - f i e l d  of the t r a n s d u c e r s  in the s m a l l  s i g n a l  
or l i n e a r  c a s e .  A p p e n d i x  2 d i s c u s s e s  t h e o r y  w h i c h  is 
a p p l i c a b l e  to t h i s  c a s e .  F i g .  4.1 s h o w s  an i s o m e t r i c
p r o j e c t i o n  of the s m a l l  s i g n a l  v e l o c i t y  p o t e n t i a l
m e a s u r e d  in the n e a r - f i e l d  o f  t r a n s d u c e r  C, fig. 4 . 2  
s h o w s  the c o r r e s p o n d i n g  t h e o r e t i c a l  g r a p h .  T h i s  g r a p h  
ha s  b e e n  n o r m a l i s e d  so t h a t  t h e  m e a s u r e d  p e a k  p r e s s u r e
v a l u e  at the l a s t  m a x i m u m  is t h e  s a m e  as the p e a k  on the
t h e o r e t i c a l  g r a p h .  T h e s e  r e s u l t s  w e r e  t a k e n  w i t h  a u©
v a l u e  of 0 . 0 2 2 m / s  w h i c h  m a k e s  a n y  n o n - l i n e a r  e f f e c t
n e g l i g i b l e .  T o  ge t  a m o r e  q u a n t i t a t i v e  i d e a  of the 
c o m p a r i s o n  the a x i a l  v e l o c i t y  v a r i a t i o n s  for all f o u r
t r a n s d u c e r s  is s h o w n  in f i g s .  4 . 3  to 4 . 6  t o g e t h e r  w i t h
the c o r r e s p o n d i n g  t h e o r e t i c a l  v a r i a t i o n ,  a g a i n  the 
g r a p h s  h a v e  b e e n  n o r m a l i s e d .  F i g .  4 . 7  s h o w s  the
v e l o c i t y  on the a x i s  x = a  for t r a n s d u c e r  A, t h i s  t i m e  the
t h e o r e t i c a l  g r a p h  u s e s  th e  e f f e c t i v e  r a d i u s  c a l c u l a t e d  
f r o m  fig. 4 . 3  of 4 . 4 c m .
C o m p a r i n g  f i g s .  4 . 1  a n d  4 . 2  it c a n  be s e e n
th a t  the o v e r a l l  s h a p e  is a g o o d  m a t c h .  A l l  the f i n e
d e t a i l  p r e d i c t e d  in the t h e o r e t i c a l  g r a p h  is v i s i b l e  in
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Fig. 4.2 The theoretical neai— field variation 
coresponding to fig, 4. 1 for transducer (C).
the m e a s u r e d  r e s u l t s .  A l t h o u g h  the f i n e r  d e t a i l  a p p e a r s
to h a v e  b e e n  s m o o t h e d  ou t  in fig. 4 . 1 ,  w h e r e  the s i d e
l o b e  l e v e l s  a r e  n o t  as p r o n o u n c e d .  H o w e v e r ,  a g r e e m e n t  
is o n l y  m a d e  q u a l i t a t i v e  in fig. 4 . 1 .  A m o r e
q u a n t i t a t i v e  c o m p a r i s o n  m u s t  b e  m a d e  u s i n g  f i g s .  4 . 3  to 
4 . 7  w h e r e  it c a n  be s e e n  a g r e e m e n t  b e g i n s  to d i v e r g e
f r o m  t h e  t h e o r y .  T h e  s m o o t h i n g  of  the f i e l d  c a n  a l s o  b e  
s e e n  in f i g s .  4 . 3  to 4 . 7  w h e r e  t h e  l a s t  a x i a l  m i n i m u m  is 
n o t  as d e e p  as e x p e c t e d .  A l s o  the p o s i t i o n s  of the l a s t  
m a x i m u m  d o  n o t  o c c u r  in the p o s i t i o n s  p r e d i c t e d .  T h e s e  
e f f e c t s  c a n  be a t t r i b u t e d  to th e  t r a n s d u c e r  n o t  b e h a v i n g  
l i k e  a p e r f e c t  p i s t o n .  W i t h  the u s e  of an e f f e c t i v e  
r a d i u s  a b e t t e r  a p p r o x i m a t i o n  c a n  be m a d e .
E v e n  w i t h  the u s e  of an e f f e c t i v e  r a d i u s
fig. 4 . 7  d e m o n s t r a t e s  t h a t  t h e  v e l o c i t y  on the x = a  a x i s
d o e s  n o t  c o r r e s p o n d  to the t h e o r y ,  a n d  a d i f f e r e n t
e f f e c t i v e  r a d i u s  n e e d s  to b e  d e f i n e d  f o r  t h i s  a x i s  to 
g e t  the b e s t  a p p r o x i m a t i o n .
It c a n  be s e e n  f r o m  t h e s e  r e s u l t s  t h a t  the
s m a l l  s i g n a l  f i e l d  is n o t  in p e r f e c t  a g r e e m e n t  w i t h  the
t h e o r y .  T h i s  is m a i n l y  d u e  to the v e l o c i t y  a c r o s s  the
s u r f a c e  of  t h e  t r a n s d u c e r  n o t  b e i n g  p i s t o n  l i k e .  If
t h i s  v e l o c i t y  p r o f i l e  on the t r a n s d u c e r  s u r f a c e  w e r e
k n o w n  t h e n  it c o u l d  be u s e d  in the t h e o r y  to p r o v i d e  a
b e t t e r  a p p r o x i m a t i o n  to the f i e l d .
T h e  r e s u l t s  d i s c u s s e d  in t h i s  s e c t i o n  a r e
d i r e c t l y  r e l e v a n t  to the m e a s u r e d  f i n i t e  a m p l i t u d e  f i e l d  
d i s c u s s e d  b e l o w .  T h e  n o n - p i s t o n  m o v e m e n t  has a s i m i l a r  
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4 . 3  F i n i t e  a m p l i t u d e  b e a m  s h a p e s .
F i g .  4 . 8  ( a ) - ( c )  s h o w s  a set of m e a s u r e d  b e a m
s h a p e s  for t r a n s d u c e r  B, for the f i r s t  to t h i r d  
h a r m o n i c s .  T h e  p l o t s  w e r e  t a k e n  u s i n g  the a u t o m a t i c  
b e a m  p l o t t e r  d e s c r i b e d  in c h a p t e r  3 at a d i s t a n c e  of 
1 . 8 m  or e i g h t  n e a r - f i e l d  d i s t a n c e s .  T h e  v a l u e  of U q w a s  
0 . 0 4 5 m / s  c o r r e s p o n d i n g  to a p l a n e  w a v e  s h o c k  f o r m a t i o n  
d i s t a n c e  of a b o u t  5m. O n  e a c h  g r a p h  L o c k w o o d s  t h e o r y  is 
a l s o  s h o w n  u s i n g  Eq. 2 . 2 8 .  A l s o  fig. 4 . 9  ( a ) - ( c )  s h o w s
c o r r e s p o n d i n g  b e a m  s h a p e s  for l o w  l e v e l  t r a n s m i s s i o n  of 
5 0 0 k H z ,  I M H z  a n d  1 . 5 M H z  f r o m  t r a n s d u c e r  B, w i t h  the
c o r r e s p o n d i n g  t h e o r e t i c a l  b e a m  p l o t s  for c o m p a r i s o n .  
A l l  t h e s e  b e a m  p a t t e r n s  h a v e  b e e n  n o r m a l i s e d  to a v a l u e  
of O d b  at the p e a k .
T h e  f u n d a m e n t a l  b e a m  p l o t  fig. 4 . 8  (a) d o e s
d i f f e r  f r o m  t h e  p r e d i c t e d  v a l u e s ,  t his is a t t r i b u t e d  to 
n o n - u n i f o r m  v e l o c i t y  d i s t r i b u t i o n  on the s u r f a c e  of the 
c e r a m i c  d i s c .  T h e  u s e  of an e f f e c t i v e  r a d i u s  w o u l d  g i v e  
a b e t t e r  fit. T h e  s e c o n d  h a r m o n i c  b e a m  p l o t
fig. 4 . 8  (b) has the e x p e c t e d  n a r r o w e r  b e a m  t h a n  the
f u n d a m e n t a l  and s i g n i f i c a n t l y  l o w e r  s i d e  l o b e s ,  it
a g r e e s  w e l l  w i t h  the t h e o r y  as far as b e a m  s h a p e  is
c o n c e r n e d  a n d  a n y  d i f f e r e n c e  is a g a i n  m a i n l y  a t t r i b u t e d  
to the u n e v e n  m o v e m e n t  of the t r a n s d u c e r  s u r f a c e .
H o w e v e r ,  an e x t r a  s i d e  l o b e  is s e e n ,  the f i r s t  s i d e  l o b e  
in t his f i g u r e  is n o t  p r e d i c t e d  by e i t h e r  I n g e n i t o  a n d  
W i l l i a m s  or L o c k w o o d s  t h e o r y ,  t h i s  is d i s c u s s e d  in 
g r e a t e r  d e p t h  b e l o w .  T h e  s e c o n d  s i d e  l o b e  in
fig. 4 . 8  (b) c o r r e s p o n d s  to the o n e  p r e d i c t e d  by the
7 5
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t h e o r y .  A l t h o u g h  the a n g u l a r  p o s i t i o n  d o e s  not
c o r r e s p o n d  e x a c t l y  to the t h e o r e t i c a l  p l o t  in t h i s
f i g u r e ,  t h i s  s i d e  l o b e  d o e s  c o r r e s p o n d  to the s a m e
a n g u l a r  p o s i t i o n  as the f i r s t  s i d e  l o b e  in the 
f u n d a m e n t a l  g r a p h .  T h e  t h i r d  h a r m o n i c  fig. 4 . 8  (c)
s h o w s  a g r e e m e n t  w i t h  the t h e o r y ,  the s i d e  l o b e  c o u l d  no t 
be r e s o l v e d  b e c a u s e  of n o i s e .
F i g .  4 . 9  d e m o n s t r a t e s  the c o m p a r i s o n  b e t w e e n  
the h a r m o n i c  b e a m s  of fig. 4 . 8  a n d  t h e  b e a m s  d i r e c t l y
t r a n s m i t t e d  at the h a r m o n i c  f r e q u e n c i e s .  T h e  d i r e c t l y
t r a n s m i t t e d  b e a m s  a r e  m u c h  n a r r o w e r  t h a n  the
c o r r e s p o n d i n g  h a r m o n i c  b e a m .  H o w e v e r ,  the s i d e  l o b e
l e v e l s  on the h a r m o n i c  p l o t s  a r e  m u c h  l o w e r ,  as
p r e d i c t e d  by L o c k w o o d ;  t h e y  a r e  t w i c e  the n e g a t i v e  
d e c i b e l  l e v e l  o f  the d i r e c t l y  t r a n s m i t t e d  b e a m s :  T h a t
is the f u n d a m e n t a l  b e a m  s q u a r e d .
T h e  m o s t  i n t e r e s t i n g  a s p e c t s  of t h e s e  p l o t s  is 
the a p p e a r a n c e  of the e x t r a  s i d e  l o b e  in the s e c o n d  
h a r m o n i c ,  f i g .  4 . 8  (b). T h i s  s i d e  l o b e  is n o t  p r e d i c t e d
in e i t h e r  L o c k w o o d s  or I n g e n i t o  a n d  W i l l i a m s  t h e o r i e s .  
T h e  m o s t  i m m e d i a t e  r e s p o n s e  is to put t h i s  e x t r a  s i d e  
l o b e  d o w n  to d i r e c t  t r a n s m i s s i o n  of the s e c o n d  h a r m o n i c  
f r o m  t h e  t r a n s d u c e r ,  h o w e v e r  t h i s  p o s s i b i l i t y  is 
f u r t h e r  d i s c u s s e d  b e l o w .
F i g .  4 . 1 0  s h o w s  the m e a s u r e d  s e c o n d  h a r m o n i c
b e a m  an d  m e a s u r e d  s e c o n d  s m a l l  s i g n a l  d i r e c t l y  
t r a n s m i t t e d  b e a m  at I M H z  f o r  c o m p a r i s o n .  F i g .  4 . 1 1  
s h o w s  the c o r r e s p o n d i n g  g r a p h s  for the t h e o r e t i c a l
r e s u l t s .
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l o b e  in fig. 4 . 1 0  c o r r e s p o n d s  a l m o s t  e x a c t l y  to the 
p o s i t i o n  of the s e c o n d  s i d e  l o b e  in the d i r e c t l y
t r a n s m i t t e d  p l o t .  H o w e v e r ,  in the d i r e c t l y  t r a n s m i t t e d
b e a m  t h e r e  is a n o t h e r  s i d e  l o b e  at a l o w e r  a n g l e .  If
the e x t r a  s i d e  l o b e  w e r e  a p r o d u c t  of d i r e c t
t r a n s m i s s i o n  s o m e  e v i d e n c e  of this f i r s t  l o b e  ,] s h o u l d  he 
a p p a r e n t ,  h o w e v e r  it is m a s k e d  by the m a i n  lobe a n d
t h e r e f o r e  not v i s i b l e  in Fig. 4.10. if the
e x t r a  s i d e  l o b e  w e r e  d i r e c t l y  t r a n s m i t t e d ,  fig. 4 . 1 0  
i n d i c a t e s  that the l e v e l  of the m a i n  l o b e  of the
d i r e c t l y  t r a n s m i t t e d  c o m p o n e n t  w i t h i n  the s e c o n d  
h a r m o n i c  w o u l d  be o n l y  l O d b  b e l o w  th e  m a x i m u m  l e v e l  in
fig. 4 . 8  (b). T h i s  l e v e l  of s e c o n d  h a r m o n i c  c o u l d  be
g e n e r a t e d  o r  a r e s u l t  of d irect t r a n s m i s s i o n .  Plots of
t h e  s e c o n d  h a r m o n i c  d i s c u s s e d  l a t e r  in t h i s  c h a p t e r  do 
n o t  i n d i c a t e  d i r e c t  t r a n s m i s s i o n  at t his l e v e l .  T h e s e  
e x t r a  s i d e  l o b e s  h a v e  b e e p  o b s e r v e d  on a l l  t r a n s d u c e r s  
u s e d ,  an d  a l s o  b y  L o c k w o o d  et al. (3).
L o c k w o o d  s t a t e s  t h a t  the e x t r a  s i d e  l o b e  ' is 
d u e  s e c o n d  h a r m o n i c  r a d i a t i o n  f r o m  th e  n e a r - f i e l d  w i t h  a 
d i r e c t i v i t y  d i f f e r e n t  f r o m  the h a r m o n i c s  in the 
f a r - f i e l d ' .  T h i s  is p e r f e c t l y  t r u e ,  h o w e v e r ,  it d o e s  
n o t  s a y  if the e x t r a  s i d e  l o b e  is b e l i e v e d  to b e  a 
r e s u l t  of d i r e c t  t r a n s m i s s i o n  or if it is g e n e r a t e d  in 
the w a t e r  in the n e a r - f i e l d  r e g i o n .  T h e i r  r e s u l t s
d e m o n s t r a t e  t h a t  the e x t r a  s i d e  l o b e  is o n l y  a p p a r e n t  in 
the r e g i o n  j u s t  a f t e r  the n e a r - f i e l d  a n d  it d o e s  not  
o c c u r  at l o n g e r  r a n g e s .
T h e  f a c t  that the t h e o r i e s  d i s c u s s e d  in
c h a p t e r  2 do not p r e d i c t  the e x t r a  s i d e  l o b e  is
80
i n t e r e s t i n g  b e c a u s e  it is q u i t e  a l a r g e  e f f e c t :  
L o c k w o o d s  t h e o r y  is a f a r - f i e l d  t h e o r y  an d  m e a s u r e d  
b e a m s  m u c h  f u r t h e r  i n t o  the f a r - f i e l d  i n d i c a t e  the e x t r a  
s i d e  l o b e  d o e s  d i e  a w a y .  T h i s  is t h e n  a n e a r - f i e l d  
e f f e c t  w h i c h  is n o t  p r e d i c t e d  by I n g e n i t o  a n d  W i l l i a m s .  
T h e  f a c t  t h a t  it is n o t  p r e d i c t e d  by I n g e n i t o  and 
W i l l i a m s  i.s n o t  t o o  s u r p r i s i n g ,  a p p r o x i m a t i o n s  m a d e  in 
I n g e n i t o  a n d  W i l l i a m s  s o l u t i o n  a r e  fo r  kx<<k , or for 
the a n g l e  s m a l l .  T h i s  e x t r a  s i d e  l o b e  is o f f  the
a c o u s t i c  a x i s  a n d  t h e s e  a p p r o x i m a t i o n s  m a y  b e  i m p o r t a n t .  
P a r t i c u l a r l y  the f i n a l  a p p r o x i m a t i o n  n e g l e c t i n g  the 
c o u p l i n g  f u n c t i o n  in Eq. 2 . 3 5 .  T h e  e q u a t i o n  w i t h  the 
c o u p l i n g  f u n c t i o n ,  Eq. 2 . 3 3  h a s  n o t  b e e n  s o l v e d  a n d  t h i s  
h y p o t h e s i s  c a n  n o t  be s u b s t a n t i a t e d  at p r e s e n t .
4 . 4  F i n i t e  a m p l i t u d e  b e a m  w i d t h s .
F i g .  4 . 1 2  s h o w s  h o w  th e  3 d b  b e a m  w i d t h  of the 
f i r s t  f e w  h a r m o n i c s  d e c r e a s e s  w i t h  i n c r e a s i n g  h a r m o n i c  
n u m b e r .  B e a m  w i d t h s  h a v e  b e e n  m e a s u r e d  f o r  the f i r s t  
f i v e  h a r m o n i c s  in the c a s e  of the t r a n s d u c e r  B , a n d  up 
to the s i x t h  for t r a n s d u c e r  C. T h e  v a l u e  of  U q in e a c h  
c a s e  w a s  0 . 1 2 m / s  a n d  0 . 1 5 m / s  r e s p e c t i v e l y ,  g i v i n g  p l a n e  
w a v e  s h o c k  d i s t a n c e s  of 1 . 6 8 m  a n d  1 . 3 4 m .  T h e s e  b e a m s  
w e r e  m e a s u r e d  m e a s u r e d  u s i n g  the f a s t  d i g i t i s e r ,  
d e s c r i b e d  in c h a p t e r  3. W a v e f o r m s  w e r e  r e c o r d e d  at 
d i f f e r e n t  a n g l e s ,  e a c h  was t h e n  F o u r i e r  a n a l y s e d  a n d  the 
b e a m  w i d t h  c a l c u l a t e d  f o r  the v a r i o u s  h a r m o n i c s .  Th e  
l i m i t a t i o n  on the m a x i m u m  h a r m o n i c  w a s  d u e  to the 























































T h e  t h e o r e t i c a l  c u r v e  is a l s o  p l o t t e d  in fig. 4 . 1 2  f r o m  
L o c k w o o d s  t h e o r y  u s i n g  the e q u a t i o n
Ji ( ka sin(O)) 1
/ 2 4. 1
A l s o  b e a m  w i d t h s  are p l o t t e d  f o r  the s a m e  s i z e
t r a n s d u c e r  o n l y  w i t h  a d i r e c t l y  t r a n s m i t t e d  l o w  l e v e l  
s i g n a l  c o r r e s p o n d i n g  to the f r e q u e n c y  of the h a r m o n i c  
n u m b  e r .
T h e  r e s u l t s  s h o w  g o o d  a g r e e m e n t  w i t h  L o c k w o o d s
t h e o r y  e x c e p t  for the o f f s e t  d u e  to the t r a n s d u c e r  n o t
b e h a v i n g  l i k e  a p i s t o n .  E f f e c t i v e  r a d i i  c a l c u l a t e d  f r o m  
the f u n d a m e n t a l  b e a m  w i d t h s  a r e  2 . 3 c m  f o r  the a l u m i n u m  
t r a n s d u c e r  a n d  2 . 2 c m  for the p e r s p e x  t r a n s d u c e r ,  b e t t e r  
t h a n  t h o s e  c a l c u l a t e d  f r o m  t h e  n e a r - f i e l d  d i s t a n c e .  As 
the h a r m o n i c  n u m b e r  i n c r e a s e s  th e  b e a m  w i d t h s  f o l l o w  the 
t h e o r y  w e l l .
C o m p a r i s o n  w i t h  the d i r e c t l y  t r a n s m i t t e d  
f r e q u e n c y  b e a m  w i d t h s  s h o w s  t h a t  the h a r m o n i c  b e a m  
w i d t h s  a r e  s i g n i f i c a n t l y  g r e a t e r  t h a n  the c o r r e s p o n d i n g  
d i r e c t l y  t r a n s m i t t e d  f r e q u e n c y  as a l r e a d y  s e e n  f r o m  
f i g s .  4 . 8  a n d  4 . 9 .  So a n y  p o t e n t i a l  a d v a n t a g e  in the
us e  of t h e s e  f i n i t e  a m p l i t u d e  b e a m s  m u s t  n o t  b e  in the
n a r r o w i n g  of  the b e a m  b u t  in e i t h e r  the r e d u c t i o n  of the 
s i d e  l o b e  l e v e l s  or the u s e  of a n u m b e r  of h a r m o n i c s  
t o g e t h e r ,  r e s u l t i n g  in a g r e a t e r  b a n d w i d t h  s y s t e m .
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Fig. 4. 14 The th e o re tic a l n e a r - f ie ld  second harmonic 
v a r ia t io n  coresponding to  f ig .  4. 13 fo r  transducer (C)
4 . 5  N e a r - f i e l d  f i n i t e  a m p l i t u d e  e f f e c t s .
F i g  4 . 1 3  s h o w s  an i s o m e t r i c  p r o j e t  io n  of a 
s e r i e s  of m e a s u r e m e n t s  m a d e  of the s e c o n d  h a r m o n i c  o v e r  
the n e a r - f i e l d  r e g i o n  of t r a n s d u c e r  C. F ig. 4 . 1 4  s h o w s  
the c o r r e s p o n d i n g  t h e o r e t i c a l  d i a g r a m  u s i n g  I n g e n i t o  an d  
W i l l i a m s  r e s u l t ,  Eq. 2 . 3 5 .  T h e s e  i s o m e t r i c  p r o j e c t i o n s  
a r e  on the s a m e  s c a l e  as f i g s .  4.1 a n d  4 . 2  a n d  c a n
t h e r e f o r e  be c o m p a r e d  d i r e c t l y ,  t h e y  a r e  a g a i n
n o r m a l i s e d  to the p e a k  m e a s u r e d  v a l u e .  T h e  v a l u e  of u© 
in this c a s e  w a s  a g a i n  0 . 1 5 m / s .  F o r  a m o r e  q u a n t i t a t i v e  
c o m p a r i s o n  f i g s .  4 . 1 5  a n d  4 . 1 6  s h o w  t h e  s e c o n d  h a r m o n i c  
a l o n g  the x = 0  a n d  x = a  a x i s  for t r a n s d u c e r  B a g a i n  w i t h  
I n g e n i t o  a n d  W i l l i a m s  t h e o r y  s h o w n  for c o m p a r i s o n .
T h e s e  r e s u l t s  c a n  be c o m p a r e d  w i t h  the l i n e a r
m e a s u r e m e n t s  of f i g s .  4 . 5  a n d  4 . 7 .  In fig. 4 . 1 6  a n
e f f e c t i v e  r a d i u s  of 4 . 4 c m  w a s  a g a i n  u s e d  to c a l c u l a t e  
the t h e o r e t i c a l  r e s u l t s .
T h e  i s o m e t r i c  p r o j e c t i o n s  of the s e c o n d
h a r m o n i c  in f i g s .  4 . 1 3  a n d  4 . 1 4  s h o w  g o o d  q u a l i t a t i v e
a g r e e m e n t .  C o m p a r i n g  the m e a s u r e d  s e c o n d  h a r m o n i c  w i t h
the m e a s u r e d  s m a l l  s i g n a l  f i e l d  s h o w s  the e x p e c t e d
s m o o t h i n g  o f  the f i e l d  a n d  n a r r o w i n g  of the b e a m .  T h e
s e c o n d  h a r m o n i c  b u i l d s  u p  f r o m  t h e  r e g i o n  n e a r  to the 
p i s t o n  w h e r e  t h e r e  is v e r y  l i t t l e  g e n e r a t e d  s e c o n d
h a r m o n i c .  T h e s e  r e s u l t s  s u p p o r t  o b s e r v a t i o n s  b y  G o u l d
et al. ( 4 3 )  w h i c h  are d i s c u s s e d  in s e c t i o n  3.1. T h e
b u i l d  up of the e x t r a  s i d e  l o b e  is a l s o  a p p a r e n t  in
fig. 4 . 1 3  a n d  of c o u r s e  c o m p l e t e l y  a b s e n t  f r o m  I n g e n i t o





































































































































































s i d e  l o b e  m a y  be r e p r o d u c e d  if the c o u p l i n g  f u n c t i o n  
w e r e  i n c l u d e d ,  t h e r e  is no w a y  at p r e s e n t  to s o l v e  the 
e x p r e s s i o n  for t h i s  in Eq. 2 . 3 3 .
T h e  f a c t  t h a t  the l e v e l  of the s e c o n d  h a r m o n i c  
n e a r  to the t r a n s d u c e r  is c o m p a r a b l e  w i t h  the l e v e l  of 
the e x t r a  s i d e  l o b e  g i v e  f u r t h e r  s u p p o r t  for it b e i n g  
g e n e r a t e d  in the n e a r - f i e l d  r e g i o n  of fig. 4 . 1 3 .  If it 
w e r e  d i r e c t l y  t r a n s m i t t e d  s e c o n d  h a r m o n i c  of a h i g h e r  
l e v e l  w o u l d  be o b s e r v e d  n e a r e r  to the t r a n s d u c e r .
T h e  t w o  q u a n t i t a t i v e  c o m p a r i s o n s  in fig. 4 . 1 5  
a n d  4 . 1 6  s h o w  a g e n e r a l  o v e r a l l  a g r e e m e n t  of h a r m o n i c  
a m p l i t u d e s  but e x a c t  r e p r o d u c t i o n  of the d e t a i l  is n o t  
o b s e r v e d .  W h i c h  is a g a i n  m a i n l y  a t t r i b u t e d  to the 
n o n - p i s t o n  m o v e m e n t  of  th e  c e r a m i c  d i s c .
M e a s u r e m e n t s  d i s c u s s e d  in t h i s  c h a p t e r  h a v e  
i n d i c a t e d  t h a t  the t w o  t h e o r i e s  u s e d ;  L o c k w o o d s  t h e o r y  
for the f a r - f i e l d  a n d  I n g e n i t o  a n d  W i l l i a m s  t h e o r y  for 
the n e a r - f i e l d ,  do p r o v i d e  a g o o d  d e s c r i p t i o n  of the 
f i n i t e  a m p l i t u d e  e f f e c t s .  H o w e v e r  a n u m b e r  of
d i f f e r e n c e s  f r o m  t h e o r y  h a v e  b e e n  o b s e r v e d :  The
n o n - p i s t o n  l i k e  m o v e m e n t  of the t r a n s d u c e r  f a c e  has 
c o n t r i b u t e d  to the d i s a g r e e m e n t  b e t w e e n  e x p e r i m e n t  and 
t h e o r y  in b o t h  t h e  n e a r - f i e l d  l i n e a r  c a s e  a n d  t h e  s e c o n d  
h a r m o n i c ,  as w e l l  as a f f e c t i n g  the f a r - f i e l d  h a r m o n i c
b e a m  p l o t s .  F o r  p r a c t i c a l  p u r p o s e s  the u s e  of an
e f f e c t i v e  r a d i u s  i m p r o v e s  a g r e e m e n t .
In t h i s  c h a p t e r  the e x p e r i m e n t a l  r e s u l t s  h a v e
b e e n  l i m i t e d  to o n e s  w h i c h  c a n  be c o m p a r e d  w i t h  c u r r e n t
t h e o r i e s .  In the f o l l o w i n g  c h a p t e r s  r e s u l t s  a r e  t a k e n
of w a v e f o r m  s h a p e s  o b s e r v e d  in the n e a r - f i e l d ,  a n d  the
88
v a r i a t i o n  of h i g h e r  h a r m o n i c s  w i t h i n  this r e g i o n .
H o w e v e r  b e f o r e  t h e s e  m e a s u r e m e n t s  a r e  d i s c u s s e d  c h a p t e r  
5 d e v e l o p s  a m o d e l  w h i c h  p r e d i c t s  t h e s e  e f f e c t s .
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C h a p t e r  5
The f i n i t e  a m p l i t u d e  n e a r - f i e l d .  >
5.1 I n t r o d u c t i o n .
As d i s c u s s e d  in c h a p t e r  2 t h e  m a i n  c o n c e r n  
w i t h  the d e v e l o p m e n t  of f i n i t e  a m p l i t u d e  w a v e  t h e o r y  has 
b e e n  w i t h  the p r o p a g a t i o n  of w a v e s  w i t h  s p h e r i c a l ,  
c y l i n d r i c a l  an d  p l a n e  g e o m e t r i e s .  L i t t l e  w o r k  h a s  b e e n  
d o n e  on the p r o b l e m  w h e n  d i f f r a c t i o n  e f f e c t s  a r e  
i m p o r t a n t .  I n g e n i t o  a n d  W i l l i a m s  (4) c o n s i d e r
d i f f r a c t i o n  e f f e c t s ,  bu t  d e a l  o n l y  in the s e c o n d
h a r m o n i c  a n d  fo r  w e a k  n o n - l i n e a r i t i e s .  T h i s  d o e s  n o t  
h e l p  in the u n d e r s t a n d i n g  of the w a v e f o r m  s h a p e s .  A n y  
t h e o r y  w h i c h  d e s c r i b e s  the w a v e f o r m  s h a p e s  in the f i e l d  
of a p i s t o n  s o u r c e  m u s t  t a k e  i n t o  a c c o u n t  d i f f r a c t i o n  
e f f e c t s ,  an d  m u s t  as a l i m i t i n g  c a s e  go to I n g e n i t o  a n d  
W i l l i a m s  s o l u t i o n  for the s e c o n d  h a r m o n i c .  T h i s  c h a p t e r  
p r e s e n t s  a n u m e r i c a l  m o d e l  of  t h i s  c o m p l e x  p r o b l e m  w h i c h  
d e s c r i b e s  the w a v e f o r m  s h a p e s .  It is a p s e u d o  o n e
d i m e n s i o n a l  m o d e l  b a s e d  o n  B u r g e r s  e q u a t i o n .  H o w e v e r  
l i n e a r  d i f f r a c t i o n  is i n c l u d e d  in the s o l u t i o n  w h i c h  
g i v e s  the p h a s e  d i s t o r t i o n s  r e q u i r e d  to c a u s e  the 
n o n - s y m m e t r i c a  1 w a v e f o r m  s h a p e ,  r a t h e r  t h a n  the 
s y m m e t r i c a l  s a w t o o t h  w a v e f o r m  p r e d i c t e d  by t h e o r i e s
b a s e d  on  o n e  d i m e n s i o n a l  p r o p a g a t i o n .  T h i s  s o l u t i o n ,  
a l t h o u g h  n u m e r i c a l ,  g i v e s  an i n s i g h t  i n t o  h o w  the f i n i t e  
a m p l i t u d e  w a v e f o r m  s h a p e s  o c c u r ,  a n d  a q u a l i t a t i v e  
e x p l a n a t i o n  of the d e v e l o p m e n t  of the a s y m m e t r i c
w a v e f o r m  is g i v e n .
9 0
5 . 2  M o d i f i c a t i o n  to B u r g e r s  e q u a t i o n .
As s h o w n  in c h a p t e r  2 B u r g e r s  e q u a t i o n  is 
s i m i l a r  to the p a r a b o l i c  e q u a t i o n  w i t h o u t  the t h r e e  
d i m e n s i o n a l  d i f f r a c t i o n  t e r m s .  A n y  s o l u t i o n s  to this 
e q u a t i o n  u s u a l l y  h a s  p l a n e ,  c y l i n d r i c a l  or s p h e r i c a l  
g e o m e  try.
I n g e n i t o  a n d  W i l l i a m s  s o l u t i o n  s h o w s  t h a t  the 
m a i n  r e g i o n  of i m p o r t a n c e  w h e n  c a l c u l a t i n g  the s e c o n d  
h a r m o n i c  is on an  a x i s  f r o m  t h e  f i e l d  p o i n t  to the 
p i s t o n  s u r f a c e ,  a l o n g  a l i n e  of c o n s t a n t  x. T h i s  is a 
on e  d i m e n s i o n a l  e f f e c t .  It s h o u l d  be p o s s i b l e  to u s e  
this f a c t  b y  i n c l u d i n g  the s m a l l  s i g n a l  f u n d a m e n t a l  
v a r i a t i o n  a l o n g  a l i n e  of c o n s t a n t  x, i n t o  a n u m e r i c a l  
s o l u t i o n  of B u r g e r s  e q u a t i o n .  T o  i l l u s t r a t e  t h i s  p o i n t  
the a x i a l  v a r i a t i o n ,  t h a t  is x = 0 , w i l l  b e  u s e d  to s t u d y  
the w a v e f o r m s  a l o n g  the a x i s  of s y m m e t r y  of a p i s t o n  
r a d i a t o r .
S u c h  a m e t h o d  h a s  a n u m b e r  of a d v a n t a g e s  o v e r  
p r e v i o u s  s o l u t i o n s .  D i f f r a c t i o n  e f f e c t s  a r e  t a k e n  i n t o  
a c c o u n t  b y  i n c l u s i o n  of the s m a l l  s i g n a l  a x i a l  
v a r i a t i o n .  T h i s  v a r i a t i o n  is a r e s u l t  of l i n e a r  
d i f f r a c t i o n .  T h i s  l e a v e s  a o n e  d i m e n s i o n a l  e q u a t i o n  
w h i c h  is s o l v a b l e  for a l l  the h a r m o n i c s  e n a b l i n g  w a v e  
s h a p e s  to be  c a l c u l a t e d .  S i m p l e  a n a l y t i c a l  s o l u t i o n s  
a l r e a d y  e x i s t  for s p e c i f i c  p a r t s  of the n e a r - f i e l d ,  for 
e x a m p l e  the f i e l d  f o r  x = 0 a n d  x = a g i v e n  in a p p e n d i x  2, 
(as w e l l  as the f u l l  t h r e e  d i m e n s i o n a l  e q u a t i o n s )  a n d  
can e a s i l y  be u s e d  in this a p p r o a c h .
T h e  p r o b l e m  of  n u m e r i c a l  s o l u t i o n  of B u r g e r s
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e q u a t i o n  has b e e n  s t u d i e d  in the p a s t ,  as d e s c r i b e d  in
c h a p t e r  2, and f a s t  a l g o r i t h m s  a r e  n o w  a v a i l a b l e  for 
this p u r p o s e .  O n e  of t h e s e  s o l u t i o n s  is u s e d  as a b a s i s  
an d  is m o d i f i e d  in the a b o v e  m a n n e r  to i n c l u d e  
d i f f r a c t i o n  e f f e c t s .
5 . 3  N u m e r i c a l  S o l u t i o n s  to B u r g e r s  e q u a t i o n .
A n u m b e r  of m e t h o d s  for s o l v i n g  B u r g e r s
e q u a t i o n  n u m e r i c a l l y  h a v e  b e e n  d e v e l o p e d  as d i s c u s s e d  in
c h a p t e r  2. Th e  a l g o r i t h m  u s e d  in t h i s  c a s e  is on e
d e v e l o p e d  by T r i v e t t  and V a n  B u r e n  ( 3 5 , 3 6 ) .  T h i s  
a l g o r i t h m  has the a d v a n t a g e  t h a t  all the c a l c u l a t i o n s  
a r e  c a r r i e d  o u t  in the f r e q u e n c y  d o m a i n .  B u r g e r s  
e q u a t i o n  c a n  be w r i t t e n  in the f o r m
d u .  â u  - - a ud r r  c a i  5.1
w h e r e  ct i s the f r e q u e n c y  d e p e n d a n t  a b s o r p t i o n  
c o e f f i c i e n t .  N o w  a s s u m e  a s o l u t i o n  in the f o r m  of  a 
F o u r i e r  s e r i e s
u ( r , I ) I GnSin(nc) + h^cos(nx) | e-^n(r-ro) 5. 2
n= 1
T h i s  is s u b s t i t u t e d  i n t o  B u r g e r s  e q u a t i o n  a n d  t e r m s  of 
the s a m e  f r e q u e n c y  ar e  g r o u p e d  t o g e t h e r .  A p a i r  of 
c o u p l e d  d i f f e r e n t i a l  e q u a t i o n s  a r i s e s  ( 3 6 )
9 2
m  = 1
m = 1
â ü n  = J M  ( £0
ô r  2c
m= 1
n -  1
I ( ^n-m Gm ♦ H„ G ) e '  ̂  ̂ ^ '  0̂ )
n ^  ( H „ G „ . „  - H „ . „ G „ )  = - r j  5 . 4
m r1
T h e s e  c a n  be n u m e r i c a l l y  i n t e g r a t e d  to o b t a i n  the 
h a r m o n i c  a m p l i t u d e s  Gn a n d  Hn . I n t e g r a t i o n  is e f f e c t e d  
by u s i n g  the f i r s t  o r d e r  R u n g e - K u t t a  m e t h o d  to o b t a i n  
the a m p l i t u d e s  of the h a r m o n i c s  at p r o g r e s s i v e l y
i n c r e a s i n g  d i s t a n c e s .  T h e  a m p l i t u d e s  o f  the h a r m o n i c s  
a f t e r  a s m a l l  i n t e r v a l  h a r e  g i v e n  by.
G„(N.1)= G„(N). [g ;(N) .G'(N*d ] h/2 5.5
H„(N. 1 )= H„(N). [h;(N)« H;(N*1)]h/2 5 , 5
w h e r e  and Hp are c a l c u l a t e d  by Eq. 5 . 3  a n d  Eq. 5 .4.
A n  i n s t a b i l i t y  a r i s e s  by  the t r u n c a t i o n  of
the s e r i e s  Eq. 5 . 3  a n d  Eq. 5.4. As the w a v e f o r m
p r o p a g a t e s  the e n e r g y  is b e i n g  c o n t i n u a l l y  t r a n s f e r r e d  
to the h i g h e r  h a r m o n i c s ,  w h e n  the s e r i e s  is t r u n c a t e d  
t h e r e  is no t r a n s f e r  f r o m  the l a s t  h a r m o n i c ,  so its
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a m p l i t u d e  g r a d u a l l y  b u i l d s  up. T h i s  c a n  be o v e r c o m e  b y  
a r t i f i c i a l l y  a t t e n u a t i n g  the l a s t  f e w  h a r m o n i c s ,  m a k i n g  
s u r e  that the l e v e l  of the l a s t  h a r m o n i c  n e v e r  e x c e e d s  
the p r e v i o u s  one.
T o  b r i n g  in d i f f r a c t i o n  e f f e c t s  the a m p l i t u d e  
of the f i r s t  h a r m o n i c  or f u n d a m e n t a l  is h e l d  to the on 
a x i s  s m a l l  s i g n a l  v a l u e  ( s e e  a p p e n d i x  2, Eq. A 2 .4)
G,  = Uq( 1 - cos(  k (>/( a ^ ) - r ) ) )  5 . 7
H, = - Uosin( k (\/(r^+a^) - r ) ) 5 . 8
T h e  g e o m e t r i c a l  s p r e a d i n g  f a c t o r ,  a, is n o w  n o t  u s e d  f o r  
the f u n d a m e n t a l  as the s p r e a d i n g  is d e t e r m i n e d  by 
E q s .  5.7 a n d  5 . 8 .  H o w e v e r ,  the g e o m e t r i c a l  s p r e a d i n g  
f a c t o r  is u s e d  fo r  the h a r m o n i c s  a n d  a is put to z e r o  to 
o b t a i n  a p l a n e  w a v e  g e o m e t r y .  D i f f r a c t i o n  is t h u s  t a k e n  
i n t o  a c c o u n t  in the f u n d a m e n t a l  a n d  n o t  in the 
h a r m o n  ics.
By  h o l d i n g  Gi and Hi to the v a l u e  of the 
f u n d a m e n t a l ,  e x t r a  a t t e n u a t i o n  of t h e  f u n d a m e n t a l  is n o t  
t a k e n  i n t o  a c c o u n t ,  h o w e v e r  a n y  e x t r a  a t t e n u a t i o n  of the 
h a r m o n i c s  is i n c l u d e d .  A l s o  a b s o r p t i o n  in Gi a n d  Hi has 
b e e n  n e g l e c t e d .  At the f r e q u e n c i e s  of i n t e r e s t  t his is 
not i m p o r t a n t  in the n e a r - f i e l d  a n d  c o u l d  e a s i l y  be 
i m p l e m e n t e d  by a d d i n g  a b s o r p t i o n  t e r m s  in E q s .  5 . 7  a n d  
5 .8.
The c o m p u t e r  p r o g r a m  to i m p l e m e n t  this is 
b a s e d  on the one g i v e n  by T r i v e t t  a n d  V a n - B u r e n  ( 36) and
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is n a m e d  F i n i t e  A m p l i t u d e  W a v e s  I n c l u d i n g  D i f f r a c t i o n  or 
F A W I D  for s h o r t .
5 . 4  R e s u l t s  of n u m e r i c a l  i n t e g r a t i o n .
S o m e  r e s u l t s  o b t a i n e d  by i m p l e m e n t i n g  the 
a l g o r i t h m  d e s c r i b e d  in the p r e v i o u s  s e c t i o n s  a r e  s h o w n  
in f i g s .  5.1 to 5 . 1 9 .  T h e s e  f i g u r e s  w e r e  o b t a i n e d  fo r  a 
p i s t o n  of r a d i u s  2 . 5 c m ,  v i b r a t i n g  at a f r e q u e n c y  of
I M H z .  Fo r  t h i s  f r e q u e n c y  and r a d i u s  th e  l a s t  m a x i m u m  o f
the s m a l l  s i g n a l  p r e s s u r e  on the a x i s  o c c u r s  at a 
d i s t a n c e  of a b o u t  4 2 c m .
F i g s .  5.1 a n d  5 . 2  s h o w  the v a l u e s  o b t a i n e d  f o r  
the c o m p l e x  a m p l i t u d e  of the s e c o n d  h a r m o n i c  u s i n g  
F A W I D ,  as c o m p a r e d  w i t h  t h o s e  c o m p u t e d  f r o m  I n g e n i t o  a n d  
W i l l i a m s  r e s u l t s  u s i n g  E q s .  2 . 3 8  a n d  2 . 3 9 .  T h e  
s i m i l a r i t y  b e t w e e n  the two s e t s  of r e s u l t s  is q u i t e  
c l e a r .  H o w e v e r ,  the l a s t  a x i a l  m i n i m u m  is n o t  q u i t e  as
d e e p  in the c a s e  of F A W I D .  T h i s  d i f f e r e n c e  a p p e a r s  to
be d u e  to the i n t e g r a t i o n  l i m i t s  b e i n g  d i f f e r e n t  for the 
t w o  a p p r o a c h e s .  To d e m o n s t r a t e  t h i s ,  r e f e r e n c e  is m a d e  
to fig. 5. 3  w h i c h  s h o w s  g r a p h s  of the c o m p l e x  v a l u e s  of 
the s m a l l  s i g n a l  v a r i a t i o n  s q u a r e d .  T h e  r e g i o n  is s h o w n  
w h i c h  w h e n  i n t e g r a t e d  g i v e s  the v a l u e  o f  the s e c o n d
h a r m o n i c  at its l a s t  a x i a l  m i n i m u m .  In I n g e n i t o  an d  
W i l l i a m s  r e s u l t  Eq. 2 . 3 5  i n t e g r a t i o n  is o v e r  o n l y  h a l f  
the d i s t a n c e  to the p i s t o n .  So, at the l a s t  a x i a l  
m i n i m u m  of  the s e c o n d  h a r m o n i c  i n t e g r a t i o n  is o v e r  the 
r e g i o n  n e a r  to the l ast a x i a l  m i n i m u m  o f  the 
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h a r m o n i c .  H o w e v e r ,  in F A W I D  the w h o l e  n e a r - f i e l d  is 
u s e d  in c a l c u l a t i n g  the h a r m o n i c s ,  h e n c e  an ' a v e r a g i n g '  
e f f e c t  t a k e s  p l a c e  an d  the l a s t  a x i a l  m i n i m u m  is n o t  as 
d e e p .
T h e  p h a s e  c h a n g e  in the f u n d a m e n t a l  at its 
last a x i a l  m i n i m u m  is 180 d e g r e e s ,  y i e l d i n g  360 d e g r e e s  
p h a s e  s h i f t  w h e n  the f u n d a m e n t a l  is s q u a r e d  in E q .  2 . 3 5 ,  
t h e r e f o r e  has no e f f e c t  on the g e n e r a t i o n  of s e c o n d  
h a r m o n i c .  H o w e v e r ,  b e c a u s e  at the l a s t  m i n i m u m  o f  the
s e c o n d  h a r m o n i c  t h e  i n t e g r a t i o n  is o v e r  t h e  r e g i o n  of 
the l a s t  a x i a l  m i n i m u m  o f  the f u n d a m e n t a l ,  the m a i n  
c o n t r i b u t i o n s  f r o m  t h e  i n t e g r a n d  c o m e  f r o m  t h e  p o i n t s  of 
h i g h  a m p l i t u d e  at the e d g e s  of the s h a d e d  r e g i o n .  T h u s  
on the p h a s e  v a r i a t i o n  in fig. 5 . 3  (b) the m a i n
c o n t r i b u t i o n s  a l s o  c o m e  f r o m  the e d g e  of the s h a d e d
r e g i o n .  T h e  p h a s e  d i f f e r e n c e  b e t w e e n  the t w o  e d g e s  is 
a p p r o x i m a t e l y  1 2 0  d e g r e e s  a p p r o a c h i n g  n e a r e r  to 18 0  
d e g r e e s  f u r t h e r  in t o w a r d  t h e  s h a d e d  r e g i o n .  H e n c e  a 
c a n c e l l i n g  e f f e c t  o c c u r s  b e c a u s e  of t h e s e  p h a s e
d i f f e r e n c e s ,  t h i s  w i l l  c o n t r i b u t e  t o w a r d  t h e  d e e p  a x i a l  
m i n i m u m  of the s e c o n d  h a r m o n i c .  T h i s  e f f e c t  is n o t  as 
p r o n o u n c e d  in F A W I D  b e c a u s e  the i n t e g r a t i o n  l i m i t s  go 
al l  the w a y  to the p i s t o n  s u r f a c e .
T h e  p h a s e  v a r i a t i o n  of t h e  s e c o n d  h a r m o n i c  
c a l c u l a t e d  f r o m  F A W I D ,  an d  c o m p a r e d  w i t h  I n g e n i t o  an d 
W i l l i a m s  r e s u l t  is s h o w n  in fig. 5.1 (b). T h e
c o m p a r i s o n  s h o w s  a q u a l i t a t i v e  a g r e e m e n t  b e t w e e n  the two 
m e t h o d s  of a p p r o a c h .  D i f f e r e n c e s  b e t w e e n  the two
r e s u l t s  ar e  a g a i n  w h e r e  the l a s t  a x i a l  m i n i m u m  o c c u r s ,  
a n d  a r e  a r e s u l t  of the r e a s o n s  d i s c u s s e d  a b o v e .
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F ig. 5 . 2  s h o w s  the s a m e  c o m p a r i s o n  for the 
s e c o n d  h a r m o n i c  at l a r g e r  d i s t a n c e s  a n d  at a l o w e r  
s o u r c e  l e v e l .  It c a n  be s e e n  that at l a r g e r  d i s t a n c e s  
F A W I D  b e g i n s  to d i f f e r  f r o m  I n g e n i t o  a n d  W i l l i a m s .
T h e  v a r i a t i o n  of the s e c o n d  h a r m o n i c  a r o u n d  
its p e a k  v a l u e ,  in the c a s e  of I n g e n i t o  a n d  W i l l i a m s  
r e s u l t ,  is d e t e r m i n e d  by the f u n d a m e n t a l  v a r i a t i o n  n e a r  
to its l a s t  m a x i m u m .  H o w e v e r ,  in the c a s e  of F A W I D  the 
v a r i a t i o n  is m a i n l y  d e t e r m i n e d  f r o m  a p r o p a g a t i n g  p l a n e  
w a v e  w h i c h  o r i g i n a t e d  at the p i s t o n  s u r f a c e .  T h i s  as 
s t a t e d  a b o v e  u s e s  the w h o l e  of the n e a r - f i e l d  to
g e n e r a t e  the h a r m o n i c s .  T h u s  th e  d i f f e r e n c e  b e t w e e n  the 
t w o  s o l u t i o n s  at the r a n g e s  in fig. 5 . 2  is a g a i n
a t t r i b u t e d  to the r e g i o n  of i n t e g r a t i o n  in I n g e n i t o  a n d  
W i l l i a m s  r e s u l t .  O t h e r  f a c t o r s  s u c h  as e x t r a
a t t e n u a t i o n  a n d  h a r m o n i c  s p r e a d i n g  a r e  of m u c h  less 
i m p o r t a n t .  At s t i l l  l a r g e r  d i s t a n c e s  the p l a n e  w a v e
a s s u m p t i o n  in F A W I D  m a k e s  it i n v a l i d .
T h e  d i f f e r e n c e  b e t w e e n  the t w o  r e s u l t s  c a n  be 
s u m m a r i s e d  as f o l l o w s ;
1 ) I n t é g r â t  ion in I n g e n i t o  a n d  W i l l i a m s  
s o l u t i o n  is o v e r  h a l f  the d i s t a n c e  to th e  p i s t o n .  T h i s
is a r e s u l t  of the a s s u m p t i o n  of l a r g e  ka v a l u e s  in
t h e i r  d e r i v a t i o n .  F A W I D  m a k e s  the a r b i t a r y  a s s u m p t i o n
t h a t  all the n e a r - f i e l d  v a r i a t i o n  is i m p o r t a n t .
2 ) T h e  p e r t u r b a t i o n  a p p r o x i m a t i o n  of I n g e n i t o  
a n d  W i l l i a m s  s o l u t i o n  b r e a k s  d o w n  w h e n  the s e c o n d  
h a r m o n i c  b e c o m e s  c o m p a r a b l e  w i t h  the f u n d a m e n t a l .  
T r a n s f e r  of e n e r g y  to h i g h e r  h a r m o n i c s  is t a k e n  i n t o
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a c c o u n t  in F A W I D
3 ) The s p r e a d i n g  of the h a r m o n i c s  in F A W I D  is 
not a c c o u n t e d  f or, so w h e n  s p h e r i c a l  s p r e a d i n g  b e c o m e s  
i m p o r t a n t ,  as the f a r - f i e l d  is a p p r o a c h e d ,  F A W I D  b e g i n s  
to b r e a k  d o w n .
4 ) A b s o r b t i o n  of the h a r m o n i c s  is n o t  t a k e n  
i n t o  a c c o u n t  in F A W I D .  T h i s  is no t  i m p o r t a n t  w i t h  the 
f r e q u e n c i e s  b e i n g  u s e d .
F A W I D  e n a b l e s  c a l c u l a t i o n  of the h i g h e r  
h a r m o n i c s ,  the v a r i a t i o n  w i t h  d i s t a n c e  in the n e a r - f i e l d  
is s h o w n  in f i g s .  5 . 4  to 5 . 1 3  up to the f i f t h  h a r m o n i c .  
G r a p h s  of b o t h  m a g n i t u d e  and p h a s e  a r e  g i v e n ,  the p l a n e  
w a v e  F u b i n i  s o l u t i o n s  a r e  a l s o  s h o w n  f o r  c o m p a r i s o n .
F r o m  t h e  n e a r - f i e l d  g r a p h s  it c a n  be s e e n  t h a t  
the a v e r a g e  v a l u e  of the c o m p u t e d  r e s u l t s  f o l l o w s  the 
F u b i n i  s o l u t i o n  v e r y  c l o s e l y  as e x p e c t e d .  T h e  m a j o r  
d i f f e r e n c e  b e t w e e n  the t w o  r e s u l t s  is t h a t  o s c i l l a t i o n  
o c c u r s  on the h a r m o n i c  g r a p h s  in the n e a r - f i e l d  r e g i o n .  
T h i s  o s c i l l a t i o n  is a d i r e c t  r e s u l t  of the o s c i l l a t i o n  
of the s m a l l  s i g n a l  v a r i a t i o n  a n d  t h e r e f o r e  a r e s u l t  of 
d i f f r a c t i o n  e f f e c t s .  As the h a r m o n i c  n u m b e r  i n c r e a s e s  
the o s c i l l a t i o n s  in the m a g n i t u d e  b e c o m e  l e s s ,  t h i s  c a n  
be e x p l a i n e d  if we m a k e  the a s s u m p t i o n  t h a t  e a c h  
h a r m o n i c  is g e n e r a t e d  f r o m  t h e  o t h e r s .  T h e  s e c o n d  
h a r m o n i c  is f o u n d  by th e  s u m m a t i o n  of c o n t r i b u t i o n s  f r o m  
the f u n d a m e n t a l ,  b u t  c o n t r i b u t i o n s  a l s o  c o m e  f r o m  
i n t e r a c t i o n s  of the o t h e r  h a r m o n i c s  s u c h  as the t h i r d  
and f i r s t .  It is c a l c u l a t e d  by an ' a v e r a g i n g *  or 
i n t e g r a t i o n  of t h e s e  i n t e r a c t i o n s  o v e r  a d i s t a n c e .
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Figs, 5-4 to 5,8
The velocity variation on the x=0 axis of a circular piston according 
to FAWID for the first five harmonics. Each magnitude graph is
compared with the Fubini solution.
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Fig. 5.8
s i m i l a r l y  the t h i r d  h a r m o n i c  is g e n e r a t e d  f r o m  t h e  o t h e r  
h a r m o n i c s  i n t e r a c t i n g  in the n o n - l i n e a r  m e d i u m  a n d  the 
a v e r a g i n g  of t h e s e  s o u r c e s .  As the h a r m o n i c  n u m b e r
i n c r e a s e s  this a v e r a g i n g  e f f e c t  b e c o m e s  c u m u l a t i v e ,
p r o d u c i n g  a d e c a y  of the n e a r - f i e l d  o s c i l l a t i o n  w i t h  
i n c r e a s i n g  h a r m o n i c  n u m b e r ,  as o b s e r v e d  in f i g s .  5 . 1 0  to 
5 . 1 3 .
F o r  l a r g e r  d i s t a n c e s  as s h o w n  in f i g s  5.9 a n d  
5 . 1 3  the F u b i n i  s o l u t i o n  b e g i n s  to d i v e r g e  f r o m  t h e
c o m p u t e d  r e s u l t s .  T h i s  is du e  to the s h o c k  d i s t a n c e  
b e i n g  a p p r o a c h e d  a n d  the F u b i n i  s o l u t i o n  b e c o m i n g  
i n v a l i d ,  an d  a l s o  b e c a u s e  the p l a n e  w a v e  a p p r o x i m a t i o n
for the h a r m o n i c  s p r e a d i n g  is no l o n g e r  v a l i d .  ( F o r  the 
u v a l u e  u s e d  of 0 . 1 5 m / s  the p l a n e  w a v e  s h o c k  f o r m a t i o n  
d i s t a n c e  is 0 . 6 7 m ) .
T h e  g r a p h s  of the h a r m o n i c  p h a s e  v a r i a t i o n
fig. 5.9 (b) to fig. 5 . 1 1  (b) are g i v e n  in t e r m s  of the
p h a s e  of the h a r m o n i c  in d e g r e e s ,  u s i n g  a F o u r i e r  c o s i n e
s e r i e s .  T h e r e  is a g a i n  an o s c i l l a t i o n ,  the a v e r a g e
v a l u e  of the o s c i l l a t i o n  c o r r e s p o n d i n g  to the F u b i n i
s o l u t i o n  w h i c h  is of c o u r s e  c o n s t a n t .  T h e  v a l u e  of the
m a g n i t u d e  of t h e s e  p h a s e  o s c i l l a t i o n s  a p p e a r s  to g r o w
w i t h  h a r m o n i c  n u m b e r ,  h o w e v e r  it m u s t  be r e m e m b e r e d  t h a t
t h e s e  g r a p h s  a r e  in t e r m s  of h a r m o n i c  p h a s e .  W h e n
l o o k i n g  at the h a r m o n i c s  and t h e  w a y  t h e y  i n t e r a c t  w i t h
e a c h  o t h e r  to p r o d u c e  the w a v e f o r m ,  it is m o r e
a p p r o p r i a t e  to u s e  p h a s e  in t e r m s  of the f u n d a m e n t a l
p h a s e .  T h i s  is c a l c u l a t e d  by d i v i d i n g  the h a r m o n i c
phase in the figures by the h a r m o n i c  num b e r .  Whe n  this
is done the m a g n i t u d e  of the phase o s c i l l a t i o n  dies away
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Figs. 5. 9 to 5. 13
The velocity variation on the x=0 axis of a circular piston according
to FAWID for the first five harmonics. Each magnitude graph is
compared with the Fubini solution.
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w i t h  i n c r e a s i n g  h a r m o n i c  n u m b e r ,  a g a i n  g o i n g  c l o s e r  to 
the F u b i n i  s o l u t i o n .
Fig. 5 . 1 4  s h o w s  the s e c o n d  h a r m o n i c  a x i a l  
v a r i a t i o n  for the c a s e  of t h r e e  d i f f e r e n t  s o u r c e  l e v e l s .  
It s h o u l d  be n o t e d  t h a t  for e a c h  of the v a l u e s  of u o 
u s e d  the p l a n e  w a v e  s h o c k  f o r m a t i o n  w o u l d  o c c u r  at 6 . 7 m ,  
0 . 6 7 m  and 0 . 3 4 m .
It c a n  be s e e n  that the m a i n  d i f f e r e n c e  
b e t w e e n  the r e s u l t s  is in the p o s i t i o n  of p e a k .  T h i s  
p o s i t i o n  is not d e t e r m i n e d  by the p o s i t i o n  of the p e a k  
of the f u n d a m e n t a l ,  b u t  b y  the v a l u e  of the d i s t o r t i o n
d i s t a n c e  o in Eq. 2 . 1 1 .  T h i s  is e x a c t l y  as in the
F u b i n i  s o l u t i o n .  O n l y  in the s m a l l  s i g n a l  c a s e  of 
I n g e n i t o  a n d  W i l l i a m s ,  d o e s  the p o s i t i o n  of t h i s  l a s t  
p e a k  d e p e n d  o n l y  u p o n  the p o s i t i o n  of the l ast
f u n d a m e n t a l  p e a k .  A l s o ,  the l e v e l  of the n e a r - f i e l d
o s c i l l a t i o n s  i n c r e a s e s  r e l a t i v e  to the p e a k  w i t h  
i n c r e a s i n g  s o u r c e  l e v e l ,  a n d  the d e p t h  of the l a s t  a x i a l  
m i n i m u m  i n c r e a s e s .  T h i s  is a ' l i m i t i n g *  e f f e c t ,  the 
a m o u n t  of d i s t o r t i o n  p o s s i b l e  c a n  n e v e r  i n c r e a s e  b e y o n d  
the s a w t o o t h .  T h u s  the p e a k  v a l u e s  in fig. 5 . 1 4  (c) and
to a l e s s e r  e x t e n t  fig. 5 . 1 4  (b) a r e  a p p r o a c h i n g  t his 
l i m i t ,  w h e r e a s  the l o w e r  p o r t i o n s  of the g r a p h s  at the 
m a g n i t u d e  of the o s c i l l a t i o n s  at the l o w e r  r a n g e s  r a n g e s  
a r e  n ot. T h i s  g i v e  r i s e  to the r e l a t i v e  i n c r e a s e  in the 
m a g n i t u d e  of the o s c i l l a t i o n s  at the l o w e r  r a n g e s .
By c a l c u l a t i n g  a l a r g e  n u m b e r  of h a r m o n i c s  in
F A W I D  it is p o s s i b l e  to c o n s t r u c t  the a c t u a l  w a v e f o r m
s h a p e s .  T h e s e  s h a p e s  for the r e g i o n s  of n e a r - f i e l d  a n d
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the lost axial 
ignal minimum according to FAWID.
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(The main frequency le the second harmonie.>
v a l u e  of 0 . 1 5 m / s ,  and for a h i g h e r  s o u r c e  l e v e l  of 
0 . 3 m / s  in fig. 5 . 1 7 .  Fig. 5 . 1 5  s h o w s  w a v e f o r m s  n e a r  to 
the p i s t o n  w h i c h  h a v e  r e l a t i v e l y  l i t t l e  d i s t o r t i o n ,
w h e r e a s  fig. 5 . 1 6  a n d  5 . 1 7  s h o w s  w a v e f o r m s  at l a r g e r  
d i s t a n c e s  w h i c h  ar e  m o r e  d i s t o r t e d .  T h e  h i g h  f r e q u e n c y  
o s c i l l a t i o n  on the m o r e  d i s t o r t e d  w a v e f o r m s  is du e  to 
the t r u n c a t i o n  of the F o u r i e r  s e r i e s  at 20 h a r m o n i c s .
T h e  a s y m m e t r y  of t h e s e  w a v e f o r m s  is c l e a r l y  s e e n .
In m o s t  of the w a v e f o r m s  for the n e a r - f i e l d  
the a b s o l u t e  h a r m o n i c  l e v e l  is s m a l l ,  the m a i n  e f f e c t
b e i n g  the v a r i a t i o n  in the f u n d a m e n t a l  a l t e r i n g  the 
r e l a t i v e  h a r m o n i c  c o n t e n t  c r e a t i n g  the d i f f e r e n t  s h a p e s .  
F i g .  5 . 1 8  s h o w s  the w a v e f o r m  at the l a s t  a x i a l  m i n i m u m ,
t h i s  is a l m o s t  t o t a l l y  s e c o n d  h a r m o n i c .  T h e  r e m n a n t  of 
f u n d a m e n t a l  c o m e s  f r o m  the p o s i t i o n  not b e i n g  e x a c t l y  at 
the l ast m i n i m u m  of  f u n d a m e n t a l .
T h e  m a i n  p o i n t  to n o t e  in the w a v e f o r m s  for a 
h i g h e r  s o u r c e  l e v e l  in fig. 5 . 1 7  is the r e t u r n  of the 
w a v e f o r m  s h a p e  t o w a r d s  the s a w t o o t h .  O n c e  the r a p i d  
p h a s e  v a r i a t i o n  in the f u n d a m e n t a l  has d i e d  a w a y  a f t e r  
the n e a r - f i e l d ,  the w a v e f o r m  w i l l  a l w a y s  t e n d  to go b a c k  
t o w a r d s  the s a w t o o t h ,  the r a t e  at w h i c h  it d o e s  t his 
d e p e n d s  u p o n  the d i s t o r t i o n  d i s t a n c e .  0 .
A n o t h e r  w a y  of l o o k i n g  at t h i s  r e t u r n  to a
s a w t o o t h  is by the s e c o n d  h a r m o n i c  p h a s e ,  t his is s h o w n
in fig. 5 . 1 9 .  T h e  t h r e e  p h a s e  v a r i a t i o n s  s h o w n  a r e  for
d i f f e r e n t  s o u r c e  l e v e l s .  It c a n  be s e e n  t h a t  at s m a l l e r
d i s t a n c e s  the v a r i a t i o n  is not v e r y  d e p e n d a n t  u p o n
s o u r c e  l e v e l ,  w h i l e  at l a r g e r  d i s t a n c e s  it is m o r e  so.































































f r o m  a c o n s t a n t  p h a s e  at 90 d e g r e e s ,  ( t h e  F u b i n i  
s o l u t i o n )  g i v e s  a m e a s u r e  of h o w  a s y m m e t r i c a l l y  
d i s t o r t e d  the w a v e f o r m  has b e c o m e .  T h e  p h a s e  at the 
l o w e s t  s o u r c e  l e v e l  i n c r e a s e s  s l o w l y  as the f a r - f i e l d  is 
a p p r o a c h e d ,  i n d i c a t i n g  t h a t  the d i s t o r t i o n  is not
b e c o m i n g  v e r y  a s y m m e t r i c .  At the h i g h e r  s o u r c e  l e v e l s  
t h i s  s l o p e  is m u c h  h i g h e r ,  i n d i c a t i n g  m u c h  m o r e  r a p i d  
t r a n s i t i o n  to a s y m m e t r i c  d i s t o r t i o n .  H o w e v e r ,  the p h a s e  
c o r r e s p o n d i n g  to the h i g h e s t  s o u r c e  l e v e l ,  a f t e r  its 
i n i t i a l  r a p i d  r i s e ,  b e g i n s  to l e v e l  o f f  q u i c k e r  t h a n  at 
the l o w e r  s o u r c e  l e v e l s ,  i n d i c a t i n g  a f a s t e r  t r e n d  b a c k  
t o w a r d s  the s a w t o o t h .  T h i s  has b e e n  s e e n  in p r e v i o u s
f i g u r e s  of w a v e f o r m  s h a p e s .
F ig. 5 . 2 0  s h o w s  a c o m p a r i s o n  of the w a v e f o r m s  
c a l c u l a t e d  f r o m  th e  n u m e r i c a l  s o l u t i o n  to the p a r a b o l i c  
e q u a t i o n  by B a k h v a l o v  et al ( 1 0 )  w i t h  the r e s u l t s  f r o m  
F A W I D .  T h e  w a v e f o r m  is for a 2 . 5 c m  r a d i u s  s o u r c e  at 
I M H z  w i t h  an i n i t i a l  s o u r c e  l e v e l  of 0 . 1 3 m / s .  Th e
w a v e f o r m  is at a d i s t a n c e  of 1.5 a^/X . T h e  S o v i e t  
m o d e l  is b a s e d  on a G a u s s i a n  v e l o c i t y  d i s t r i b u t i o n
a c r o s s  the s u r f a c e  of the t r a n s m i t t e r  h o w e v e r ,  g r a p h  (1) 
g i v e s  the b e s t  a p p r o x i m a t i o n  w i t h  the G a u s s i a n  r a i s e d  to 
a p o w e r  of 16.
Th e  two r e s u l t s  a r e  in g o o d  a g r e e m e n t  e x c e p t  
the S o v i e t  w a v e f o r m  a p p e a r s  to b e  m o r e  s h o c k e d .  T h i s  is 
d u e  to the s a m e  r e a s o n s  d i s c u s s e d  a b o v e  for I n g e n i t o  and 
W i l l i a m s  w h e r e  t h e i r  s e c o n d  h a r m o n i c  w a s  g r e a t e r  t h a n  
F A W I D  j u s t  a f t e r  the last m a x i m u m  in the f u n d a m e n t a l .  
T h i s  is d u e  to the e f f e c t s  of d i f f r a c t i o n  in the 
p a r a b o l i c  e q u a t i o n  not a c c o u n t e d  for in F A W I D .  At t h e s e
1P^3
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Fig. 5.20 Waveform resulting from numerical solution 
to the parabolic equation (Eg. 2.50). Taken from 
Bakhvalov (9) compared with FAWID (red).
The velocity potential across the piston is Gaussian:
-(x/a)Me
For curve (1) M=16 ; (2) M=4 ; (3) M=2 
(1) gives the best approximation to a circular piston.
U q=0. 13m/s z=0.62m ka=105
l e v e l s  w h e r e  the s h o c k  is b e i n g  a p p r o a c h e d  e x t r a  
a t t e n u a t i o n  w i l l  a l s o  p l a y  an i m p o r t a n t  r o l e .  T h i s  is 
of c o u r s e  a g a i n  no t  a c c o u n t e d  fo r  in F A W I D .
5 . 5  F u r t h e r  p e r t u r b a t i o n  c o n s i d e r a t i o n s
A n  i n s i g h t  i n t o  h o w  F A W I D  w o r k s  c a n  be g a i n e d  
by c o n s i d e r a t i o n  of a p e r t u r b a t i o n  s o l u t i o n  to c a l c u l a t e  
the s e c o n d  h a r m o n i c  v a r i a t i o n  on the a c o u s t i c  a x i s  of a 
c i r c u l a r  p i s t o n .
T h e  s o u r c e  s t r e n g t h  of the s e c o n d  h a r m o n i c  is
g i v e n  by
T h i s  is a w e l l  k n o w n  b a s i c  r e l a t i o n  ( 1 7 ) ,  it c o m e s  f r o m  
c o n s i d e r a t i o n  of the s e c o n d  h a r m o n i c  p e r t u r b a t i o n  
e q u a t i o n  (Eq. 2 . 3 1 ) .
C o n s i d e r  a t h i n  p l a n a r  s h e e t  of a c o u s t i c  w a v e s  
5 Z q t h i c k ;  t h i s  g e n e r a t e s  s e c o n d  h a r m o n i c  p l a n e  w a v e s  
w i t h  a p a r t i c l e  v e l o c i t y  bu,. U s i n g  th e  s o u r c e
s t r e n g t h ,  for w a v e s  g e n e r a t e d  in o n e  h a l f  of s p a c e ,  t his 
v e l o c i t y  is
5u, =  q(Zo) 5 . 1 0
N o w  c o n s i d e r  a n u m b e r  of s h e e t s  a l l  p r o d u c i n g  t h e i r  own 
s e c o n d  h a r m o n i c .  I n s t e a d  o f  s a y i n g  t h a t  e a c h  s h e e t  has 
the s a m e  s o u r c e  s t r e n g t h ,  as in the p l a n e  w a v e  c a s e ,  
c o n s i d e r  e a c h  s h e e t  to b e  w e i g h t e d  by the on a x i s
1 2 5
v a r i a t i o n  of a c i r c u l a r  p i s t o n .  S o  the s e c o n d  h a r m o n i c  
v e l o c i t y  g e n e r a t e d  by e a c h  s h e e t  is
6 u , ( 2 o ) = i ^  ^-Jk22„j^ _ ^jkW(z3.a')-Zo) 5 ^
N o w  to f ind t h e  t o t a l  s e c o n d  h a r m o n i c  at a d i s t a n c e  z, 
the c o n t r i b u t i o n s  f r o m  e a c h  s h e e t  n e e d  to b e  i n t e g r a t e d ,  
e a c h  d e l a y e d  by 2 k ( z - Zg) .
u,(z)= / 6u,(z„) ^
T h i s  g i v e s
J  gjk(V(z:.a') -z^)|
u,(z) = / i’- dzo 5.13
Or in t e r m s  of v e l o c i t y  p o t e n t i a l
ka
j «'-'"’(ii- ü ’) "
k( /laZ*z 2| -zl
W h e r e  the v a r i a b l e s  h a v e  b e e n  c h a n g e d  by
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T h e  m a i n  c o n t r i b u t i o n s  f r o m  t h i s  i n t e g r a l  (Eq. 5 . 1 4 )
c o m e  w h e n  t is s m a l l ,  that is w h e n  the ka^/2t t e r m
b e c o m e s  l a r g e .  H e n c e ,  w h e n  this is the c a s e  the l / 2 k
t e r m  c a n  be i g n o r e d  a n d  the i n t e g r a l  r e d u c e s  to
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5,= PKafu-é e-Jk’z i , _ g ^
8 c  I t 5 . 1 6
2
ka has b e e n  put to i n f i n i t y  to e n a b l e  a c l o s e d  f o r m
s o l u t i o n  to be  o b t a i n e d  g i v i n g
5,. i n k  { E,(j -2 E,( j^') - 1 I 5.17
8 c  ( 2z 2z  )
T h i s  r e s u l t  c a n  be c o m p a r e d  w i t h  b o t h  I n g e n e t o  an d
W i l l i a m s  a n d  F A W I D .  It ca n  be s e e n  t hat the i n t e g r a l
Eq. 5 . 1 6  is v e r y  s i m i l a r  to I n g e n i t o  an d  W i l l i a m s  r e s u l t  
(Eq. 2 . 3 8 ) ,  the d i f f e r e n c e  b e i n g  o n l y  in the l i m i t s  of 
i n t e g r a t i o n .  T h i s  d i f f e r e n c e  was d i s c u s s e d  e a r l i e r  in
c o n n e c t i o n  w i t h  F A W I D .  A c o m p a r i s o n  of this r e s u l t  w i t h  
F A W I D  is s h o w  in fig. 5.21 it can be s e e n  that t h e y  a r e
a l m o s t  i d e n t i c a l ,  w h i c h  is e x p e c t e d  as the s a m e
a s s u m p t i o n s  a r e  m a d e  in b o t h  c a s e s  a b o u t  the f u n d a m e n t a l  
v a r i a t i o n  b e i n g  a m o d u l a t e d  p l a n e  w a v e .
5. 6  The d e v e l o p m e n t  of the a s y m m e t r i c  w a v e f o r m .
S o l u t i o n s  of the one d i m e n s i o n a l  B u r g e r s
e q u a t i o n  s h o w  t h a t  a w a v e f o r m  w h i c h  is s i n u s o i d a l  to
s t a r t  w i t h  p r o g r e s s i v e l y  d i s t o r t s ,  t e n d i n g  t o w a r d s  a 
s y m m e t r i c a l  s a w t o o t h  s h a p e .  E x p e r i m e n t a l  r e s u l t s
o b t a i n e d  w i t h i n  the n e a r - f i e l d  of a t r a n s d u c e r  s h o w ,  
h o w e v e r  that the w a v e f o r m  b e c o m e s  a s y m m e t r i c  w i t h
d i s t o r t i o n .  T h i s  is a l s o  d e m o n s t r a t e d  by c o m p u t a t i o n s  
a l l o w i n g  for d i f f r a c t i o n  e f f e c C s u s i n g  the p a r a b o l i c
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F r o m  the r e s u l t s  o b t a i n e d  u s i n g  the F A W I D
p r o g r a m  it is p o s s i b l e  to g i v e  a q u a l i t a t i v e  e x p l a n a t i o n  
of the d e v e l o p m e n t  of this a s y m m e t r i c  w a v e f o r m .  As an
e x a m p l e  the on a x i s  v a r i a t i o n  is t a k e n  a n d  a d e s c r i p t i o n
of h o w  the w a v e f o r m  p r o p a g a t e s  is g i v e n  b e l o w .
T h e  a s s u m p t i o n  of p l a n e  w a v e s  w i l l  be m a d e  the
s a m e  as in F A W I D .  T h e  d i s c u s s i o n  is l i m i t e d  to e f f e c t s
on the a c o u s t i c  a x i s  of the p i s t o n .  Fo r  the m o m e n t
c o n s i d e r  w h a t  h a p p e n s  at the last m a x i m u m  in the
f u n d a m e n t a l  and b e y o n d ,  a s s u m e  a n o n - d i s t o r t e d  s i n e  w a v e  
at this p o i n t .  T h e  F u b i n i  s o l u t i o n  p r e d i c t s  p r o p a g a t i o n
of t h i s  w a v e  w i t h  the l o c a l  g e n e r a t i o n  of h a r m o n i c s  al l
in p h a s e  w i t h  the f u n d a m e n t a l  d i s t o r t i n g  the w a v e f o r m  
t o w a r d s  a s a w t o o t h .  T h i s  is w h a t  b e g i n s  to h a p p e n  in
the c a s e  of a c i r c u l a r  p i s t o n  r a d i a t o r ,  s e c o n d  h a r m o n i c  
is g e n e r a t e d  in p h a s e  w i t h  the f u n d a m e n t a l .  H o w e v e r ,
the p h a s e  of the f u n d a m e n t a l  is a d v a n c i n g  a n d  b e g i n s  to
l e a v e  the g e n e r a t e d  s e c o n d  h a r m o n i c .  As the f u n d a m e n t a l  
g e n e r a t e s  s e c o n d  h a r m o n i c  this p h a s e  a d v a n c e  c o n t i n u e s .  
L o c a l l y  g e n e r a t e d  s e c o n d  h a r m o n i c  is in p h a s e  w i t h  the
f u n d a m e n t a l .  T h e  m a g n i t u d e  of the f u n d a m e n t a l  is 
f a l l i n g  o f f  w i t h  d i s t a n c e ,  so the g e n e r a t i o n  of s e c o n d  
h a r m o n i c  b e c o m e s  l e s s  w i t h  i n c r e a s i n g  d i s t a n c e .  T h e
r e s u l t  is s e c o n d  h a r m o n i c  s i g n i f i c a n t l y  out of p h a s e  
w i t h  the f u n d a m e n t a l ,  du e  to the f u n d a m e n t a l  p h a s e
c h a n g i n g  o v e r  90 d e g r e e s  in the r e g i o n  f r o m  its f i n a l
m a x i m u m  to the f a r - f i e l d .
Th e  h i g h e r  h a r m o n i c s  w i l l  be a f f e c t e d  in the
s a m e  w a y .  A s s u m i n g  t hat t h e y  are g e n e r a t e d  f r o m  the
p r e v i o u s  harmonics., p h a s e  s h i f t s  in the h a r m o n i c s w i l l
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i n d u c e  a p h a s e  s h i f t  in e a c h  s u c c e s s i v e  h a r m o n i c  but 
less in a c t u a l  m a g n i t u d e  of the f u n d a m e n t a l  p h a s e  w i t h  
i n c r e a s i n g  h a r m o n i c  n u m b e r .
Th e  a c t u a l  m a g n i t u d e  of t his e f f e c t  a n d  h o w
the w a v e f o r m  c o n t i n u e s  i n t o  the f a r - f i e l d  is d e t e r m i n e d  
by the l e v e l  of the s i g n a l  and th e  r a t e  of a b s o r p t i o n .  
If the a s y m m e t r i c  w a v e f o r m  has r e d u c e d  in l e v e l  as the 
f a r - f i e l d  is a p p r o a c h e d ,  so t h a t  l i t t l e  f u r t h e r  l o c a l  
g e n e r a t i o n  is o c c u r r i n g ,  it w i l l  p r o p a g a t e  a c c o r d i n g  to 
l i n e a r  t h e o r y  and k e e p  its s h a p e  to l a r g e r  d i s t a n c e s ,  
a b s o r p t i o n  g r a d u a l l y  d e c r e a s i n g  the h i g h e r  h a r m o n i c  
l e v e l s .  T h i s  p r o c e s s  of l o c k i n g  in the w a v e f o r m  s h a p e  
m a y  e x t e n d  n e a r - f i e l d  e f f e c t s  to l a r g e  d i s t a n c e s ,  it has 
n o t  b e e n  o b s e r v e d  e x p e r i m e n t a l l y  b e c a u s e  of the l a c k  of 
a l a r g e  t a n k  f a c i l i t y .
If the s i g n a l  is of l a r g e r  a m p l i t u d e ,
s i g n i f i c a n t  h a r m o n i c  g e n e r a t i o n  w i l l  s t i l l  o c c u r  as the 
f a r - f i e l d  is a p p r o a c h e d .  As t h e r e  is no p h a s e  v a r i a t i o n  
of the f u n d a m e n t a l  in this r e g i o n ,  the w a v e f o r m  w i l l  
b u i l d  up a c c o r d i n g  to the F u b i n i  s o l u t i o n  for s p h e r i c a l  
w a v e s  a n d  b e c o m e  a s a w t o o t h  w a v e f o r m .  T h i s  e f f e c t  c a n  
be s e e n  to b e g i n  to o c c u r  in fig. 5 . 1 7 ,  the s h a p e  of the 
f i n a l  w a v e f o r m  is m o r e  like a s a w t o o t h  t h a n  its
p r e d e c e s s o r s .
T h e  s a m e  e x p l a n a t i o n ,  as d i s c u s s e d  a b o v e ,  c a n
be u s e d  to d e s c r i b e  e f f e c t s  f u r t h e r  i n t o  the n e a r - f i e l d .
C o n s i d e r  the w a v e f o r m  at the n e x t  to l a s t  m a x i m u m  of the 
f u n d a m e n t a l ,  a g a i n  a s s u m e  a s i n e  w a v e .  As it p r o g r e s s e s  
the l o c a l l y  g e n e r a t e d  s e c o n d  h a r m o n i c  w i l l  b e c o m e  out of 
p h a s e  w i t h  p r e v i o u s l y  g e n e r a l  e d s e c o n d  h a r m i ) n i c . The
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s a m e  s h a p e  of w a v e f o r m  s t a r t s  to f o r m  as in the 
f a r - f i e l d  d i s c u s s e d  a b o v e .  H o w e v e r ,  t his t i m e  the p h a s e  
v a r i a t i o n  is m o r e  r a p i d  a n d  the m a g n i t u d e  d e s c e n d s  m u c h  
m o r e  g i v i n g  the s h a p e s  in fig. 5 . 1 5 .  N e a r  the last 
m i n i m u m  of  the f u n d a m e n t a l ,  the w a v e f o r m  is a l m o s t  
t o t a l l y  s e c o n d  h a r m o n i c  as s h o w n  in fig. 5 . 1 8 .  At this 
m i n i m u m  t h e r e  is a p h a s e  c h a n g e  in the f u n d a m e n t a l  of 
1 8 0  d e g r e e s .  As the s i g n a l  is l o w  at this p o i n t  t h e r e  
w i l l  be l i t t l e  f u r t h e r  g e n e r a t i o n  a n d  h e n c e  the s h a p e  
w i l l  be the s a m e  as on the d o w n w a r d  r a m p  o n l y  w i t h  the 
f u n d a m e n t a l  i n v e r t e d .  B e c a u s e  the p h a s e  c h a n g e  is 180 
d e g r e e s  of the f u n d a m e n t a l ,  w h i c h  r e p r e s e n t s  360 d e g r e e s  
of the s e c o n d  h a r m o n i c  t h e r e  w i l l  b e  no c a n c e l l a t i o n  of 
the s e c o n d  h a r m o n i c  as w o u l d  be e x p e c t e d  if the p h a s e  
c h a n g e  w e r e  s a y  90 d e g r e e s  in the f u n d a m e n t a l .  As the 
l a s t  m a x i m u m  is a p p r o a c h e d  g e n e r a t i o n  b e g i n s  to o c c u r  
a g a i n  a n d  the w a v e f o r m  t a k e s  on a s h a p e  w h i c h  is s i m i l a r  
to the f a r - f i e l d  s h a p e  o n l y  w i t h  the f u n d a m e n t a l  
c o m p o n e n t  i n v e r t e d .
P r o p a g a t i o n  in the r e g i o n  m u c h  n e a r e r  to the 
p i s t o n  s u r f a c e  is m o r e  c o m p l i c a t e d  b e c a u s e  of m o r e  r a p i d  
v a r i a t i o n s  in p h a s e ,  c a n c e l l a t i o n  of s e c o n d  h a r m o n i c  
w h e n  the f u n d a m e n t a l  c h a n g e s  p h a s e  has a m o r e  p r o m i n e n t  
e f f e c t .
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C h a p t e r  6
N e a r - f i e l d  f i n i t e  a m p l i t u d e  e x p e r i m e n t a l  r e s u l t s .
6.1 I n t r o d u c t i o n
In t his c h a p t e r  a set of e x p e r i m e n t a l  r e s u l t s  
is p r e s e n t e d  w h i c h  s u p p o r t  the m o d e l  o u t l i n e d  in c h a p t e r  
5. T h e  r e s u l t s  are in the n e a r - f i e l d  to f a r - f i e l d
t r a n s i t i o n  r e g i o n  for t r a n s d u c e r  D a n d  c o n s i s t  of 36
w a v e f o r m s  w h i c h  h a v e  b e e n  r e c o r d e d  u s i n g  the f a s t
d i g i t i s a t i o n  m e t h o d  g i v e n  in c h a p t e r  3. T h e  w a v e f o r m s  
are t a k e n  a l o n g  the a c o u s t i c  a x i s  of the t r a n s d u c e r  f r o m  
a d i s t a n c e  of 7 c m  to 1 . 1 2 m  in 5 c m  s t e p s .  T h e  c a l c u l a t e d  
last m a x i m u m  of the f u n d a m e n t a l  o c c u r s  at a d i s t a n c e  of 
4 2 c m ,  for this 2 . 5 c m  r a d i u s  t r a n s d u c e r .  T h e  r a d i a t e d
a c o u s t i c  p o w e r  for t h i s  e x p e r i m e n t  was c a l c u l a t e d  to b e  
32 W , w h i c h  c o r r e s p o n d s  to a v e l o c i t y  a m p l i t u d e  on the 
t r a n s d u c e r  s u r f a c e  of 0 . 1 5 m / s .
T h e  r e s u l t s  o b t a i n e d  a r e  s h o w n  in fig. 6 . 1 ,  
the w a v e f o r m  at 7 c m  is at the top l e f t ,  e x a c t l y  t w o 
c y c l e s  of e a c h  w a v e f o r m  are s h o w n  in 5 c m  s t e p s  
c o n t i n u i n g  a c r o s s  and d o w n  the p a g e  to the w a v e f o r m  at 
1 . 1 2 m  at the b o t t o m  r i g h t .  In this e x p e r i m e n t  a f i l m  
h y d r o p h o n e  w i t h  a 1 m m  a c t i v e  e l e m e n t  was u s e d .  T h e  h e a d  
a m p l i f i e r  a f t e r  the h y d r o p h o n e  was n o t  u s e d  in t his 
c a s e ,  h e n c e  on s o m e  of the w a v e f o r m s  n o i s e  is s e e n  du e  
to the a t t e n u a t i o n  of the s i g n a l  in the l o n g  c a b l e  
c o n n e c t e d  to the h y d r o p h o n e .  T h i s  is h i g h  f r e q u e n c y
n o i s e  and d o e s  not a f f e c t  the r e s u l t s  a d v e r s e l y .
In the f o l l o w i n g  s e c t i o n s  a s p e c t s  of t h e s e
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results are c o m p a r e d  with t h e o r e t i c a l  ones from F A W I D
using an e f f e c t i v e  t r a n s d u c e r  rad i u s  of 2.2 cm as 
d e f i n e d  in c h a p t e r  3.
6. 2  H a r m o n i c  M a g n i t u d e s .
A F o u r i e r  a n a l y s i s  has b e e n  d o n e  on the 
w a v e f o r m s  in fig. 6.1. A set of 5 g r a p h s  is p r e s e n t e d  
in fig. 6.2 ( a ) - ( e )  s h o w i n g  the m a g n i t u d e  of the f i r s t
f ive h a r m o n i c s .  H a r m o n i c  m a g n i t u d e s  f r o m  F A W I D  are
s h o w n  for c o m p a r i s o n ,  the t h e o r y  is b a s e d  on an i n i t i a l  
v e l o c i t y  of 0 . 1 5 m / s .  T h i s  v a l u e  of v e l o c i t y  is 
c a l c u l a t e d  u s i n g  the m e a s u r e d  v a l u e  of the v o l t a g e  i n p u t  
to the t r a n s d u c e r ,  t a k i n g  i n t o  a c c o u n t  its i m p e d a n c e  and  
e f f i c i e n c y .
The f u n d a m e n t a l  (fi g .  6 . 2  ( a ) )  s h o w s  g o o d
a g r e e m e n t  a r o u n d  a n d  a f t e r  the l a s t  m a x i m u m ,  as w o u l d  be 
e x p e c t e d  w i t h  the u s e  of an e f f e c t i v e  r a d i u s .  E x t r a  
a t t e n u a t i o n  w i l l  t e n d  to b r i n g  the two r e s u l t s  t o g e t h e r  
at the l o n g e r  r a n g e s .  Th e  a m o u n t  of  d i s t o r t i o n  is h i g h  
at t h e s e  l o n g e r  r a n g e s  as s h o w n  by the m a x i m u m  v a l u e  of 
the s e c o n d  h a r m o n i c  in fig. 6.2 (b) a p p r o a c h i n g  1 / 3  the
m a x i m u m  v a l u e  of the f u n d a m e n t a l .  ( T h e o r e t i c a l l y  the 
s a w t o o t h  w a v e f o r m  has a s e c o n d  h a r m o n i c  c o n t e n t  of 1/3 
th a t  of the f u n d a m e n t a l . )  H e n c e ,  e x t r a  a t t e n u a t i o n  d o e s  
p l a y  a r o l e  at t h e s e  a m p l i t u d e s ,  an d  o f  c o u r s e  is not 
a c c o u n t e d  for in F A W I D .
The p r o b l e m  of the t r a n s d u c e r  not b e h a v i n g  
like a per f e c t  pist o n  is o c c u r i n g ,  w h i c h  is c l e a r l y  seen
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c l o s e  to the t r a n s d u c e r  d i v e r g i n g  f r o m  the p r e d i c t e d  
r e s u l t s .  T h e  e f f e c t  of an u n e v e n  v e l o c i t y  d i s t r i b u t i o n  
a c r o s s  the p i s t o n  s u r f a c e  w o u l d  a l s o  l o w e r  the v a l u e  of 
the l ast m a x i m u m  of the f u n d a m e n t a l .  For e x a m p l e  if the 
t r a n s d u c e r  had a c o s i n e  b e l l  v e l o c i t y  d i s t r i b u t i o n  
a c r o s s  its s u r f a c e ,  the p e a k  v a l u e  at the last a x i a l  
m a x i m u m  w o u l d  be a l m o s t  h a l f  the v a l u e  s h o w n  in 
fig, 6.2 (a). A l t h o u g h  the v e l o c i t y  d i s t r i b u t i o n  is
o b v i o u s l y  n o t  a c o s i n e  b e l l ,  this d e m o n s t r a t e s  the 
i m p o r t a n c e  of t his v e l o c i t y  p r o f i l e .
Fig. 6.2 (b) s h o w s  the s e c o n d  h a r m o n i c
v a r i a t i o n  c o m p a r e d  w i t h  t h e o r y .  G o o d  o v e r a l l  m a g n i t u d e
a g r e e m e n t  is o b t a i n e d .  In the n e a r - f i e l d ,  the l ast
o s c i l l a t i o n  in the s e c o n d  h a r m o n i c  l e v e l  is o b s e r v e d  
e x p e r i m e n t a l l y  an d  f i t s  the t h e o r e t i c a l  g r a p h  w e l l .  At 
l a r g e r  d i s t a n c e s  the a g r e e m e n t  b e g i n s  to b r e a k  d o w n ,  the 
p e a k  o c c u r s  s l i g h t l y  e a r l i e r  in the e x p e r i m e n t a l  r e s u l t s  
an d  the m e a s u r e d  v a l u e s  fall o f f  m o r e  r a p i d l y  t h a n  in
F A W I D .  T h e r e  are a n u m b e r  of p o s s i b l e  r e a s o n s  for this 
d e p a r  t u r e :
P r o b a b l y  the m a i n  r e a s o n  for the d i f f e r e n c e  is
the l a c k  of a n y  s p h e r i c a l  s p r e a d i n g  f a c t o r  a s s o c i a t e d
w i t h  the h a r m o n i c s  in F A W I D ,  a b e t t e r  s o l u t i o n  in the 
f a r - f i e l d  w o u l d  be to u s e  a s t r a i g h t  s p h e r i c a l  s p r e a d i n g  
s o l u t i o n  to B u r g e r s  e q u a t i o n ,  w i t h o u t  the d i f f r a c t i o n  
m o d i f i c a t i o n .  T h e  a c t u a l  m a g n i t u d e  of the d i f f e r e n c e  
b e t w e e n  e x p e r i m e n t  and t h e o r y  is not g r e a t  c o n s i d e r i n g  
the d i f f e r e n c e  b e t w e e n  the two I n g e n i t o  and W i l l i a m s
s o l u t i o n s  in fig. 2.5, w i t h  and w i t h o u t  the c o u p l i n g
f u n c t i o n .
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A n o t h e r  a d d i t i o n a l  e x p l a n a t i o n  for d i v e r g e n c e  
of the r e s u l t s  c o uld be due to o n l y  t a k i n g  into a c c o u n t  
the axial v a r i a t i o n  w h e n  i n c l u d i n g  d i f f r a c t i o n .  
H o w e v e r ,  I n g e n i t o  and W i l l i a m s  s o l u t i o n ,  w h e n  the 
c o u p l i n g  f u n c t i o n  is i n c l u d e d ,  s u g g e s t s  the m a x i m u m  
should be f u r t h e r  out; w h i c h  is not the case.
E x t r a  a t t e n u a t i o n  is n o t  t a k e n  i n t o  a c c o u n t  in 
the c o m p u t a t i o n s ,  this w o u l d  m a k e  the p o s i t i o n  of the 
last m a x i m u m  of the s e c o n d  h a r m o n i c  c l o s e r  to the 
t r a n s d u c e r ;  d u e  to the a c t u a l  a m p l i t u d e  of the 
f u n d a m e n t a l  b e i n g  l o w e r ,  g e n e r a t i n g  l e s s  h a r m o n i c  at the 
l a r g e r  d i s t a n c e s .  It w o u l d  a l s o  p r o d u c e  the m o r e  r a p i d  
f a l l  o f f  in the f a r - f i e l d .  H o w e v e r ,  the m a g n i t u d e  of 
this e f f e c t  c a n  be e v a l u a t e d  by l o o k i n g  at the 
d i f f e r e n c e  in the f u n d a m e n t a l  f r o m  t h e o r y  ( f i g .  6. 2 ( a)) 
an d  it a p p e a r s  n o t  to be to o  g r e a t .
Fig. 6.2 ( c ) - ( e )  s h o w  t h e  m a g n i t u d e s  of the
t h i r d  to f i f t h  h a r m o n i c s .  T h e  n e a r - f i e l d  o s c i l l a t i o n s  
d i e  a w a y  w i t h  i n c r e a s i n g  h a r m o n i c  n u m b e r ,  as p r e d i c t e d  
by t h e o r y  a n d  a g r e e m e n t  w i t h  t h i s  a s p e c t  is g o o d .  A g a i n  
the p o s i t i o n  of the p e a k  a n d  f a l l  o f f  i n t o  the f a r - f i e l d  
d i f f e r  f r o m  t h e o r y  for r e a s o n s  d i s c u s s e d  a b o v e .
6 . 3  H a r m o n i c  P h a s e s .
F A W I D  also p r e d i c t s  the a b s o l u t e  pha s e  of e a c h
h a r m o n i c .  G r e a t  d i f f i c u l t y  a r i s e s  in the a c t u a l
m e a s u r e m e n t  of this phase, due m a i n l y  to v a r i a t i o n s  in
the t e m p e r a t u r e  of the w a t e r  d u r i n g  the c o u r s e  of an
e x p e r i m e n t .  So phase c o m p a r i s o n s  are l i m i t e d  to the
1 3 9
p h a s e  of the h a r m o n i c s  r e l a t i v e  to the f u n d a m e n t a l .
A s i n e w a v e  d i a g r a m  of the w a v e f o r m  at 0 . 9 4 m  is 
s h o w n  in fig. 6 . 3 ,  s h o w i n g  the f i r s t  f e w  h a r m o n i c  
c o m p o n e n t s ,  this s h o w s  the d e f i n i t i o n  of p h a s e  u s e d  in 
the f o l l o w i n g  d i s c u s s i o n .  T h e  d i s t a n c e  ^2 is the 
d i s t a n c e  in d e g r e e s  of f u n d a m e n t a l  p h a s e  f r o m  t h e  z e r o  
c r o s s i n g  of the f u n d a m e n t a l  to the z e r o  c r o s s i n g  of the 
s e c o n d  h a r m o n i c .  is the c o r r e s p o n d i n g  a n g l e  for the
n t h  h a r m o n i c .  It can be s e e n  f r o m  t h i s  d i a g r a m  t h a t  as 
the h a r m o n i c  n u m b e r  i n c r e a s e s  c o n v e r g e s  to a c o n s t a n t
v a l u e  w h e r e  the s h o c k  f r o n t  o c c u r s ,  it is t h i s  p h a s e  
d i f f e r e n c e  w h i c h  m a k e s  the d i f f e r e n c e  f r o m  t h e  F u b i n i  
s o l u t i o n  p r o d u c i n g  the a s y m m e t r i c  w a v e f o r m .
F i g .  6 . 4  ( a ) - ( d )  s h o w s  ^2 to -&s p l o t t e d
a g a i n s t  d i s t a n c e ,  the e x p e r i m e n t a l  r e s u l t s  b e i n g  
c o m p a r e d  w i t h  t h o s e  p r e d i c t e d  by F A W I D .  T h e  f i r s t  f e w  
r e a d i n g s  of p h a s e  at the l o w e r  d i s t a n c e s  a r e  i n a c c u r a t e  
d u e  to the l e v e l s  of h a r m o n i c  b e i n g  l e s s  t h a n  the 
d y n a m i c  r a n g e  of the t r a n s i e n t  r e c o r d e r .  Bu t  a f t e r  
a b o u t  0 . 2 m  the t r e n d  b e c o m e s  c l e a r l y  v i s i b l e .  A l t h o u g h  
the g r a p h s  l o o k  s i m i l a r  t h e r e  is a d i f f e r e n c e  of s e v e r a l  
d e g r e e s  b e t w e e n  the l i m i t i n g  v a l u e s  at l a r g e  d i s t a n c e s  
t his is d i s c u s s e d  f u r t h e r  in s e c t i o n  6.5. It c a n  be 
s e e n  t hat a f t e r  the r a p i d  n e a r - f i e l d  v a r i a t i o n  b o t h  
t h e o r y  an d  e x p e r i m e n t  l e v e l  o f f  at a n e g a t i v e  v a l u e  of 
■&n J t h e n  a f t e r  the last m a x i m u m  in the f u n d a m e n t a l  b e g i n  
to r i s e  b a c k  t o w a r d  z e r o  p h a s e  d i f f e r e n c e ;  t h a t  is the 
F u b i n i - s a w t 0 0 th s o l u t i o n .  T h e  g r a d i e n t  of t h i s  r a m p  
d e p e n d s  on the a c t u a l  m a g n i t u d e  of the s i g n a l ,  t h a t  is 
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v a r i a t i o n  of the f u n d a m e n t a l  ha s  b e c o m e  c o n s t a n t ;  as 
d i s c u s s e d  in c h a p t e r  5.
6 . 4  H a r m o n i c  m a g n i t u d e s  w i t h i n  s p e c i f i c  w a v e f o r m s .
F i g .  6. 5  ( a ) - ( f )  s h o w s  s i x  g r a p h s  of the
m a g n i t u d e  of the h a r m o n i c s  a g a i n s t  h a r m o n i c  n u m b e r  f r o m  
s p e c i f i c  w a v e f o r m s  at d i s t a n c e s  f r o m  0 . 1 9 m  to 0 . 9 4 m  in 
0 . 1 5 m  s t e p s .  F A W I D  r e s u l t s  a r e  g i v e n  as a c o m p a r i s o n  
an d  the l e v e l s  h a v e  b e e n  n o r m a l i s e d  to the v a l u e  of the 
f u n d a m e n t a l .  T h a t  is, the e x p e r i m e n t a l  r e s u l t s  of the 
h a r m o n i c s  h a v e  b e e n  s c a l e d  s u c h  t h a t  th e  t h e o r e t i c a l  a n d  
e x p e r i m e n t a l  v a l u e s  of the f u n d a m e n t a l  a r e  e q u a l  at e a c h  
d i s t a n c e .
It c a n  be s e e n  t hat for the s m a l l e r  d i s t a n c e s  
the t h e o r y  p r e d i c t s  l o w e r  h a r m o n i c  l e v e l s .  T h i s  is
e s p e c i a l l y  s e e n  in fig. 6. 5  (c) a n d  ( d ), the
e x p e r i m e n t a l  r e s u l t s  s h o w  m o r e  d i s t o r t i o n  t h a n  p r e d i c t e d  
by F A W I D .  T h i s  has b e e n  n o t e d  b e f o r e  w h e n  c o m p a r i n g  the 
r e s u l t s  of I n g e n i t o  and W i l l i a m s ,  a n d  th e  p a r a b o l i c
e q u a t i o n  w i t h  F A W I D .  B o t h  t h e s e  m e t h o d s  of a p p r o a c h  
g i v e  a h i g h e r  d i s t o r t i o n  t h a n  F A W I D  j u s t  a f t e r  the l a s t  
m a x i m u m  of the f u n d a m e n t a l .  T h e  r e a s o n  b e i n g  t h a t  
d i f f r a c t i o n  e f f e c t s  ar e  not b e i n g  t a k e n  i n t o  a c c o u n t  in 
F A W I D  as w e l l  as t h e y  are in the p a r a b o l i c  e q u a t i o n  or 
I n g e n i t o  and W i l l i a m s  s o l u t i o n .
As d i s t a n c e  i n c r e a s e s ,  in fig. 6 . 5 ,  the
r e s u l t s  b e c o m e  n e a r e r  to t h e o r y  a n d  e x c e l l e n t  a g r e e m e n t  
is o b t a i n e d  at l a r g e  d i s t a n c e s  ( f i g .  6 . 5  ( f )). At
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r a t e  of c h a n g e  of h a r m o n i c  l e v e l s  w i t h  d i s t a n c e  and  
i n i t i a l  a m p l i t u d e  is low, h e n c e  e r r o r s  a s s o c i a t e d  w i t h  
the i n i t i a l  v e l o c i t y  w i l l  b e c o m e  of l e s s  i m p o r t a n c e .  A 
l i m i t i n g  e f f e c t  is o c c u r i n g ,  the w a v e f o r m  c a n  n o t  b e c o m e  
m o r e  d i s t o r t e d  t h a n  the s a w t o o t h .  O n c e  it is 
a p p r o a c h i n g  t h i s ,  the w a v e f o r m  d o e s  no t  c h a n g e  w i t h  
d i s t a n c e  u n t i l  the h i g h  h a r m o n i c s  a r e  a t t e n u a t e d .  T h i s  
ca n  be s e e n  in fig. 6.5 (e) and (f) w h e r e  v e r y  l i t t l e
d i f f e r e n c e  b e t w e e n  w a v e f o r m  h a r m o n i c  c o n t e n t  at t h e s e  
r a n g e s  is o b s e r v e d  or p r e d i c t e d .  A l s o  in the g r a p h s  of 
w a v e f o r m  s h a p e s  in fig. 6.1 the e f f e c t  is a l s o  s e e n .
T h e  w a v e f o r m  f r o m  F A W I D  at 0 . 9 4 m  is c o m p a r e d  
w i t h  the m a g n i t u d e  of the h a r m o n i c s  w i t h i n  a s a w t o o t h  
w a v e f o r m  in fig. 6 . 6 ,  a n d  it c a n  be s e e n  to a g r e e  v e r y  
w e l l .  T h i s  is n o t  u n e x p e c t e d  b e c a u s e  of the l i m i t i n g  
e f f e c t  m e n t i o n e d  a b o v e .  T h i s  d e m o n s t r a t e s  t h a t  the m a i n  
d i f f e r e n c e  is in the p h a s i n g  of the h a r m o n i c s .
6 . 5  H a r m o n i c  p h a s e s  w i t h i n  s p e c i f i c  w a v e f o r m s .
F i g .  6. 7  ( a ) - ( f )  s h o w s  the v a l u e  of a g a i n s t
h a r m o n i c  n u m b e r ,  for the s a m e  w a v e f o r m s  as in fig. 6 . 5 .
O n  e a c h  of the g r a p h s  the p o i n t  w h i c h  c o r r e s p o n d s  to the 
z e r o  h a r m o n i c  n u m b e r  g i v e s  the p h a s e  of the z e r o
c r o s s i n g  p o i n t  of the w h o l e  w a v e f o r m .
The g r a p h s  fig. 6.5 (a) a n d  (b) s h o w  the
p h a s e s  at s m a l l  d i s t a n c e s  w h e r e  the h a r m o n i c  l e v e l s  are  
too low to e n a b l e  a c c u r a t e  e x t r a c t i o n  of the p h a s e .  In 
fig. 6.7 (c) the p a t t e r n  b e g i n s  to e m e r g e ,  the f i r s t  fe w
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the h i g h e r  h a r m o n i c s  are of l o w e r  m a g n i t u d e ,  and h e n c e  
f a l l i n g  o u t s i d e  the 4 8 d b  l i m i t  for the t r a n s i e n t  
r e c o r d e r .  T h e  t r e n d  fo r  t h i s ,  a n d  g r a p h s  ( d ) , ( e )  and 
(f), is for a r a p i d  d e c r e a s e  in p h a s e  f o l l o w e d  by the 
p h a s e  b e c o m i n g  c o n s t a n t  w i t h  i n c r e a s i n g  h a r m o n i c  n u m b e r .  
T h i s  a s y m p t o t i c  n a t u r e  m u s t  o c c u r  so as to k e e p  all the
h i g h e r  f r e q u e n c i e s  in p h a s e  in o r d e r  to p r o d u c e  the
r a p i d  r i s e  of the s h o c k  f r o n t .  T h e  t h e o r e t i c a l  r e s u l t s  
l e v e l  o f f  to a c o n s t a n t  v a l u e  q u i c k e r ,  i n d i c a t i n g  t h a t  
e x p e r i m e n t a l  w a v e f o r m s  do n o t  h a v e  s u c h  a r a p i d  r i s e  in 
the s h o c k  f r o n t ,  b e c a u s e  the h i g h  h a r m o n i c s  a r e  n o t  all 
in p h a s e .
A g a i n  b e t t e r  a g r e e m e n t  is o b t a i n e d  at the 
l a r g e r  d i s t a n c e s  b e c a u s e  of the l i m i t i n g  e f f e c t  
d i s c u s s e d  in the p r e v i o u s  s e c t i o n .  In fig. 6 . 7  ( d ) - ( f )
the v a l u e  at w h i c h  the p h a s e  Op b e c o m e s  c o n s t a n t  c a n  be 
s e e n  to i n c r e a s e  w i t h  i n c r e a s i n g  d i s t a n c e .  T h i s  is due 
to the w a v e f o r m  g o i n g  b a c k  t o w a r d s  a s a w t o o t h .  T h a t  is 
the p h a s e  m u s t  be c o n s t a n t  at z e r o  for a s a w t o o t h  
w a v e f o r m .  Th e  e f f e c t  is m u c h  less p r o n o u n c e d  in the 
c a s e  of the e x p e r i m e n t a l  r e s u l t s .
6 . 6  H a r m o n i c  w a v e f o r m s .
T h e  f i n a l  s e c t i o n  of r e s u l t s  d e a l s  w i t h  the 
c o m p a r i s o n  of the a c t u a l  w a v e f o r m  s h a p e s  w i t h  t h o s e  
g e n e r a t e d  in F A W I D .  Fig. 6.8 ( a ) - ( f )  s h o w s  this
c o m p a r i s o n .
T h e  f i r s t  g r a p h  is v e r y  c l o s e  to the
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the u n e v e n  v e l o c i t y  d i s t r i b u t i o n  on the t r a n s d u c e r  
s u r f a c e .  H o w e v e r ,  the c h a r a c t e r i s t i c  s h a p e  is p r e s e r v e d  
and the i n v e r t e d  a s y m m e t r y  d i s c u s s e d  in c h a p t e r  5 is 
a p p a r e n t .  T h e  f o l l o w i n g  w a v e f o r m s  ( b ) - ( f )  ar e  f r o m  
a b o u t  the l ast m a x i m u m  of the f u n d a m e n t a l  o u t w a r d s ,  a n d  
s h o w  an i n c r e a s i n g l y  g o o d  a g r e e m e n t .  T h e  o s c i l l a t i o n  in 
the t h e o r e t i c a l  r e s u l t s  is due to the t r u n c a t i o n  of the 
s e r i e s  Eq. 5 . 1 0  a n d  Eq. 5 . 1 1  a f t e r  20 h a r m o n i c s  , the 
o s c i l l a t i o n  in the e x p e r i m e n t a l  r e s u l t s  is du e  to a h i g h  
f r e q u e n c y  r e s o n a n c e  in the h y d r o p h o n e  c a b l e .
A g a i n ,  j u s t  a f t e r  the f u n d a m e n t a l  n e a r - f i e l d ,  
fig. 6 . 8  (b) a n d  e s p e c i a l l y  ( c ), the w a v e f o r m s  s h o w
g r e a t e r  d i s t o r t i o n  t h a n  p r e d i c t e d  by F A W I D .
F i g .  6 . 8  (c) is at a s i m i l a r  r a n g e  to fig. 5 . 2 0 ,
q u a l i t a t i v e l y  the a g r e e m e n t  w i t h  the p a r a b o l i c  e q u a t i o n  
is g o o d ,  b u t  a q u a n t i t a t i v e  c o m p a r i s o n  is n o t  p o s s i b l e  
b e c a u s e  of the l a c k  of S o v i e t  r e s u l t s  in a c o n v e n i e n t  
f o r m  .
T h e  l i m i t i n g  e f f e c t  u p o n  the h a r m o n i c  g r o w t h  
c a n  be c l e a r l y  s e e n  in fig. 6 . 8  ( d ) , ( e )  an d  (f) w h e r e
the w a v e f o r m s  ar e  v e r y  s i m i l a r  a n d  do n o t  c h a n g e  r a p i d l y  
w i t h  d i s t a n c e .
6.7 S u m m a r y  an d  s o m e  c o n c l u s i o n s .
In the p r e c e d i n g  s e c t i o n s  t h e r e  has b e e n  
l i t t l e  m e n t i o n  of the e r r o r s  a s s o c i a t e d  w i t h  the 
c a l c u l a t i o n  of U q . T h i s  v a l u e  is i m p o r t a n t  b e c a u s e  it 
is u s e d  as an i n p u t  to F A W I D ,  a n y  e r r o r  in its m a g n i t u d e  
w i l l  r e s u l t  in the r e l a t i v e  l e v e l s  of the h a r m o n i c s
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b e i n g  c a l c u l a t e d  i n c o r r e c t l y ;  t h a t  is, g i v i n g  e i t h e r  
m o r e  or l ess d i s t o r t i o n .  T h e r e  are a n u m b e r  of p o s s i b l e  
e r r o r s  a s s o c i a t e d  w i t h  the c a l c u l a t i o n  of U q :
( i ) E r r o r s  in the m e a s u r e m e n t  of the i n p u t  
v o l t a g e  to the t r a n s d u c e r .
( i i ) S m a l l  d e v i a t i o n s  in the m a t c h i n g  of the 
t r a n s d u c e r  to 50 o h m s .  T h e  t r a n s d u c e r  has b e e n  m a t c h e d  
to 50 o h m s  by  a t r a n s f o r m e r ,  a n y  e r r o r  a s s o c i a t e d  w i t h  
the m a t c h i n g  r e s u l t s  in the 50 o h m  a s s u m p t i o n  b e i n g  
i n c o r r e c t .
( i i i ) I n a c c u r a t e  t r a n s d u c e r  e f f i c i e n c y
c a l i b r a t i o n .  C a l i b r a t i o n  w a s  d o n e  b y  s e l f  r e c i p r o c i t y ,  
in w h i c h  t h e r e  ar e  a n u m b e r  of w a y s  of i n d u c i n g  e r r o r s .
T h e s e  e r r o r s  w e r e  c a l c u l a t e d  to g i v e  l e s s  t h a n  
Idb t o t a l  e r r o r  in the v a l u e  of u ̂  .
T h e  m a i n  s o u r c e s  of e r r o r  w h i c h  h a v e  b e c o m e  
a p p a r e n t  in the w o r k  r e p o r t e d  in t h i s  c h a p t e r  c a n  be
s u m m a r i s e d  as f o l l o w s ;
1 ) N o n - p i s t o n  l i k e  m o v e m e n t  of the c e r a m i c  d i s c  
p r o d u c e s  a d i f f r a c t i o n  p a t t e r n  w h i c h  d i f f e r s  f r o m
t h e o r y ,  e s p e c i a l l y  in m e a s u r e m e n t s  c l o s e  to the
t r a n s d u c e r .
2 ) T h e  a c c u r a c y  of the h y d r o p h o n e  c a l i b r a t i o n  
as d i s c u s s e d  in c h a p t e r  3, s e c t i o n  2.1.
3 ) T h e  a c c u r a c y  in the v a l u e  of U q d i s c u s s e d
a b o v e .
A p p r o x i m a t i o n s  w h i c h  m a y  lead to the i n a c c u r a c i e s  of 
t h e o r y  a r e  s u m m a r i s e d  as f o l l o w s ;
l ) H a r m o n i c  s p r e a d i n g  in the f a r - f i e l d  is
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i g n o r e d ,  r e s u l t i n g  in high v a l u e s  of h a r m o n i c  a m p l i t u d e  
once the s p h e r i c a l  s p r e a d i n g  r e g i o n  is a p p r o a c h e d .
2 ) D i f f r a c t i o n  is only taken into a c c o u n t  in an
ad hoc m a n n e r  in F A W I D  t h r o u g h  i n c l u s i o n  of the on axis
v a r i a t i o n  of the f u n d a m e n t a l .
3 ) E x t r a  a t t e n u a t i o n  e f f e c t s  ar e  no t  a c c o u n t e d  
for in the f u n d a m e n t a l .
4 ) A b s o r p t i o n  is n o t  t a k e n  i n t o  a c c o u n t  in the 
f u n d  a m e  n t a 1.
Of t h e s e  the f i r s t  t h r e e  e x p e r i m e n t a l l y  
d e r i v e d  e r r o r s  n e e d  to b e  l o o k e d  at f u r t h e r  to tr y  and
i m p r o v e  the a g r e e m e n t  w i t h  F A W I D .
C o m p a r i s o n  of this t y p e  of e x p e r i m e n t  w i t h  
p r e v i o u s  t h e o r i e s  has b e e n  l i m i t e d  to e f f e c t s  g o v e r n e d  
by w a v e s  of o n l y  p l a n e ,  s p h e r i c a l  a n d  c y l i n d r i c a l  
g e o m e t r i e s ,  c o n s i d e r i n g  the s i m p l i c i t y  of the m o d e l  and 
the a b o v e  s o u r c e s  of e r r o r  g o o d  a g r e e m e n t  has b e e n  
o b t a i n e d .  F A W I D  has b e e n  e s p e c i a l l y  g o o d  in p r e d i c t i n g  
the w a v e f o r m  s h a p e s ,  w h i c h  d i f f e r  s i g n i f i c a n t l y  f r o m
p r e v i o u s  p r e d i c t i o n s  for the s a w t o o t h  w a v e f o r m .  Th e
a c t u a l  p r e s s u r e  l e v e l s  h a v e  b e e n  of s i g n i f i c a n t  
a m p l i t u d e  s u c h  t hat p e r t u r b a t i o n  s o l u t i o n s ,  or the
F u b i n i  s o l u t i o n  a r e  of l i t t l e  u s e .
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C h a p t e r  7
C o n c l u s i o n s  and f u r t h e r  w o r k .
A l a r g e  a m o u n t  of w o r k  has b e e n  d o n e  on f i n i t e  
a m p l i t u d e  e f f e c t s  in f l u i d s  for one d i m e n s i o n a l  w a v e s ,
the m o s t  w i d e l y  u s e d  a p p r o a c h  is by s o l u t i o n  to B u r g e r s  
e q u a t i o n .  M u c h  less e f f o r t  has b e e n  put i n t o  the 
p r o b l e m  of n o n - l i n e a r  e f f e c t s  c o u p l e d  w i t h  d i f f r a c t i o n .  
T h e  f e w  a t t e m p t s  at s o l v i n g  the p r o b l e m  h a v e  had a 
n u m b e r  of d r a w  b a c k s  as a p p r o x i m a t i o n s  h a v e  to b e  m a d e  
in o r d e r  to s i m p l i f y  the p r o b l e m .  I n g e n i t o  a n d  W i l l i a m s
(4) c o n s i d e r e d  o n l y  the s e c o n d  h a r m o n i c ,  t h e i r  
p e r t u r b a t i o n  s o l u t i o n  a p p l i e s  o n l y  to s p e c i f i c  r e g i o n s  
of the n e a r - f i e l d .  E x p e r i m e n t a l  m e a s u r e m e n t s  c o n t a i n e d  
in t h i s  t h e s i s  a n d  e l s e w h e r e  ( 4 3 )  s u p p o r t  the r e s u l t s  of 
I n g e n i t o  nd W i l l i a m s .  T h e  o n l y  o t h e r  a t t e m p t  at 
s o l v i n g  the p r o b l e m  is by a t e a m  of r e s e a r c h e r s  in the 
U S S R  w h o  h a v e  s o l v e d  the p a r a b o l i c  e q u a t i o n  by a 
n u m e r i c a l  m e t h o d ,  a l t h o u g h  this d o e s  p r o v i d e  p r e d i c t i o n  
of the w a v e f o r m  s h a p e s ,  l i t t l e  u n d e r s t a n d i n g  of the 
p r o c e s s e s  i n v o l v e d  is g a i n e d .  L i t t l e  i n f o r m a t i o n  is 
a v a i l a b l e  on t h e i r  m e t h o d  of  n u m e r i c a l  s o l u t i o n .
T h e  s e c o n d  h a r m o n i c  s o l u t i o n  by I n g e n i t o  and  
W i l l i a m s  has s h o w n  t h a t  the m a i n  r e g i o n  of i m p o r t a n c e
w h e n  c a l c u l a t i n g  the s e c o n d  h a r m o n i c  is on the a c o u s t i c  
a x i s  of the p i s t o n .  T h e  m o d e l  d e v e l o p e d  in this 
d i s s e r t a t i o n  u s e s  this f a c t .  B u r g e r s  e q u a t i o n  h a s  b e e n  
s o l v e d  n u m e r i c a l l y ,  but to a c c o u n t  for the e f f e c t s  of 
d i f f r a c t i o n  the s m a l l  s i g n a l  a x i a l  v a r i a t i o n  is i n c l u d e d
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in its s o l u t i o n .  R e s u l t s  o b t a i n e d  in this m a n n e r  e n a b l e  
a g r e a t e r  u n d e r s t a n d i n g  of the f o r m a t i o n  of the 
a s y m m e t r i c  w a v e f o r m .
Th e  e x p e r i m e n t a l  r e s u l t s  p r e s e n t e d  in this 
t h e s i s  h a v e  a g r e e d  w e l l  w i t h  the m o d e l ,  the m o d e l  has 
b e e n  e s p e c i a l l y  g o o d  in p r e d i c t i n g  the w a v e f o r m  s h a p e s ,  
an d  s l i g h t l y  less s u c c e s s f u l  in p r e d i c t i n g  the h a r m o n i c  
ma gn i t u d e s .
Th e  m o d e l  c o r r e c t l y  d e s c r i b e s  e f f e c t s  d u e  to a 
c o m b i n a t i o n  of d i f f r a c t i o n  a n d  n o n - l i n e a r i t y .  Its 
s h o r t - c o m i n g s  ca n  be s u m m a r i s e d  as f o l l o w s :
1 ) D i f f r a c t i o n  is t a k e n  i n t o  a c c o u n t  o n l y  
t h r o u g h  the s m a l l  s i g n a l  v a r i a t i o n  in o n e  d i m e n s i o n .
2 ) S p r e a d i n g  of the h a r m o n i c s  is n o t  t a k e n  i n t o
a c c o u n t .
3 ) E x t r a  a t t e n u a t i o n  of the f u n d a m e n t a l  is no t  
t a k e n  i n t o  a c c o u n t .
4 ) A b s o r p t i o n  of the f u n d a m e n t a l  is n o t  t a k e n  
i n t o  a c c o u n t .
T h e  f a c t  t h a t  d i f f r a c t i o n  is n o t  t a k e n  i n t o
a c c o u n t  f u l l y ,  s t a t e d  in 1) a b o v e ,  has b e e n  o b s e r v e d
w h e n  the r e s u l t s  of the m o d e l  h a v e  b e e n  c o m p a r e d  w i t h
the r e s u l t s  of the s e c o n d  h a r m o n i c  d e r i v e d  by I n g e n i t o
a n d  W i l l i a m s  and the p a r a b o l i c  e q u a t i o n  for the w a v e f o r m
s h a p e s .  T h e  d i s c r e p a n c y  is s m a l l  c o n s i d e r i n g  the m o d e l
is one d i m e n s i o n a l ,  and the o n l y  e f f e c t  d u e  to
d i f f r a c t i o n  is t h r o u g h  the i n c l u s i o n  of the l i n e a r  f i e l d
v a r i a t i o n  in the n e a r - f i e l d  of the p i s t o n .  2) a b o v e  is
d e m o n s t r a t e d  by the e x p e r i m e n t a l  r e s u l t s  of the h a r m o n i c
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m a g n i t u d e s  f a l l i n g  o f f  m u c h  f a s t e r  t h e n  p r e d i c t e d  as the 
f a r - f i e l d  s p h e r i c a l  s p r e a d i n g  r e g i o n  is a p p r o a c h e d .
E v e n  w i t h  t h e s e  l i m i t a t i o n s  the a g r e e m e n t  has 
b e e n  g o o d  e n o u g h  to h a v e  s h o w n  up e x p e r i m e n t a l  p r o b l e m s  
n a m e l y  the u n e v e n  v e l o c i t y  p r o f i l e  a c r o s s  the t r a n s d u c e r  
s u r f a c e .  It is p o s s i b l e  to i n c l u d e  2 ) , 3 )  a n d  4) i n t o
the m o d e l .  S p r e a d i n g  of the h a r m o n i c s  c a n  be t a k e n  i n t o  
a c c o u n t  b y  h a v i n g  a s o f t w a r e  s w i t c h  at the en d  o f  the 
n e a r - f i e l d  d i s t a n c e  to c h a n g e  the s p r e a d i n g  f r o m  p l a n e  
to s p h e r i c a l .  E x t r a  a t t e n u a t i o n  of the f u n d a m e n t a l  c a n  
be i n c l u d e d  by u s i n g  the f i n i t e  d i f f e r e n c e  m e t h o d
i n c l u d e d  in the p r o g r a m  to t a k e  i n t o  a c c o u n t  the
r e d u c t i o n  in the f u n d a m e n t a l  i n s t e a d  o f  f o r c i n g  it to 
the s m a l l  s i g n a l  v a l u e .  T a k i n g  a b s o r p t i o n  i n t o  a c c o u n t  
is r e l a t i v e l y  e a s y  by i n c l u d i n g  an e x t r a  d i s s i p a t i v e  
t e r m  i n t o  the f u n d a m e n t a l  v a r i a t i o n .  H o w e v e r ,  the v a l u e
of i m p l e m e n t i n g  t h e s e  m o d i f i c a t i o n s  is q u e s t i o n a b l e  as 
1) a b o v e  is p r o b a b l y  the m o s t  s e v e r e  l i m i t i n g  f a c t o r .
A n y  f u r t h e r  w o r k  in this f i e l d  s h o u l d  n o t  c o m e  f r o m
e n h a n c e m e n t s  to this m o d e l  b u t  f r o m  e i t h e r  a n u m e r i c a l
s o l u t i o n  to the p a r a b o l i c  e q u a t i o n  or h o p e f u l l y  s o m e
a p p r o x i m a t e  a n a l y t i c a l  s o l u t i o n s .  T h e  e q u a t i o n  is
t r a c t a b l e  to n u m e r i c a l  i n t e g r a t i o n  as s e e n  by the 
r e s u l t s  o b t a i n e d  in the U S S R .
T h e  p r o b l e m  w i t h  the v e l o c i t y  p r o f i l e  a c r o s s
the t r a n s d u c e r  s u r f a c e  b e i n g  u n e v e n  is f u n d a m e n t a l  to
t his w o r k .  We h a v e  s e e n  t h a t  the a p p r o x i m a t i o n  of a
b o x - c a r  v e l o c i t y  p r o f i l e  is not g o o d  e n o u g h .  T h e r e  are
e s s e n t i a l l y  two w a y s  to o v e r c o m e  t h i s ,  e i t h e r  by
i m p r o v e m e n t  of the t r a n s d u c e r  to g i v e  a m o r e  b o x - c a r
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like v e l o c i t y  d i s t r i b u t i o n ,  or by m e a s u r e m e n t  of the 
a c o u s t i c  v e l o c i t y  p r o f i l e  a n d  i n c l u s i o n  in a n y  t h e o r y .  
At the f r e q u e n c i e s  u s e d  the p r o b l e m  of b u i l d i n g  s u c h  a 
t r a n s d u c e r  s e e m  r a t h e r  o p t i m i s t i c  as s e e n  by the
v a r i a t i o n  in d e s i g n s  u s e d .  H o w e v e r ,  by r e d u c i n g  the
f r e q u e n c y  and i n c r e a s i n g  the s c a l e  of the e x p e r i m e n t  it 
s h o u l d  be p o s s i b l e  to. i m p r o v e  on the r e s u l t s .  Fo r
e x a m p l e  w o r k  by G a r r e t t  et al ( 4 8 )  at 1 6 k H z  p r o d u c e s  on 
a x i s  a n d  o f f  a x i s  p r e s s u r e  v a r i a t i o n s  w i t h  e x c e l l e n t  
a g r e e m e n t  w i t h  the l i n e a r  t h e o r y .  T h e  p r o b l e m s
a s s o c i a t e d  w i t h  t his is that l a r g e  p o w e r s  a r e  r e q u i r e d
to p r o d u c e  s i g n i f i c a n t l y  d i s t o r t e d  w a v e f o r m s  a n d  the 
t r a n s d u c e r  is a l m o s t  Im a c r o s s .  H e n c e ,  a l a r g e  o p e n
w a t e r  f a c i l i t y  w o u l d  be r e q u i r e d  to t a k e  m e a s u r e m e n t s .  
A c o m p r o m i s e  in b o t h  f r e q u e n c y  a n d  s i z e  m a y  be  m o r e  
a p p r o p r i a t e .
M e a s u r e m e n t s  of the a c t u a l  v e l o c i t y
d i s t r i b u t i o n  on the t r a n s d u c e r  s u r f a c e  c o u l d  be d o n e  b y
l o o k i n g  at the a c o u s t i c  f i e l d  a n d  c a l c u l a t i n g  the
v e l o c i t y  p r o f i l e  on the t r a n s d u c e r .  T h e  t h e o r y  to do
t his for the n e a r - f i e l d  r e g i o n s  as w e l l  as f a r - f i e l d
r e g i o n s  is c o n t a i n e d  in a p p e n d i x  2. A t t e m p t s  by the
a u t h o r  to do this w e r e  o n l y  p a r t i a l l y  s u c c e s s f u l  d u e  to
d i f f i c u l t y  in p h a s e  m e a s u r e m e n t s .  T h i s  c o u l d  be
o v e r c o m e  at l o w e r  f r e q u e n c i e s  w i t h  l a r g e r  t a n k
f a c i l i t i e s .  A n o t h e r  m e t h o d  to m e a s u r e  the v e l o c i t y  on
the s u r f a c e  w o u l d  be by an o p t i c a l  m e t h o d ,  a l a s e r  c o u l d
be r e f l e c t e d  f r o m  the t r a n s d u c e r  s u r f a c e  a n d  m e a s u r e m e n t
of the m o d u l a t e d  r e f l e c t e d  b e a m  w o u l d  g i v e  the v e l o c i t y
p r o f i l e .  T h i s  w o u l d  be the m o s t  a c c u r a t e  m e t h o d  at the
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h i g h e r  f r e q u e n c i e s .
P r a c t i c a l  a p p l i c a t i o n s  of this p a r t i c u l a r
n o n - l i n e a r  e f f e c t  d i s c u s s e d  in t his t h e s i s  a r e  l i m i t e d .  
T h e  u s e  of the n a r r o w  h a r m o n i c  b e a m  w i t h  the r e d u c e d
s i d e  lobe l e v e l s  is d e b a t a b l e  as the s a m e  e f f e c t  c a n  be
a c h i e v e d  by an i n c r e a s e  in t r a n s d u c e r  s i z e ,  a n d  sa y  a 
G a u s s i a n  v e l o c i t y  d i s t r i b u t i o n  a c r o s s  the t r a n s d u c e r  
s u r f a c e .  T h e  a d v a n t a g e  g a i n e d  is o n l y  in t r a n s d u c e r
s i z e ,  w h e r e a s  p r o b l e m s  a s s o c i a t e d  w i t h  the u s e  of the 
h a r m o n i c s  ar e  n u m e r o u s ,  the m o s t  i m p o r t a n t  b e i n g  the l o w  
c o n v e r s i o n  e f f i c i e n c y  to the h a r m o n i c  f r e q u e n c i e s .  A n y  
p r a c t i c a l  a p p l i c a t i o n  w i l l  p r o b a b l y  u s e  the i n c r e a s e  in 
b a n d w i d t h  w h i c h  o c c u r s  w h e n  the w a v e  d i s t o r t s .  B a c o n
( 49) is at p r e s e n t  l o o k i n g  at the u s e  of the d i s t o r t e d  
w a v e f o r m  in the c a l i b r a t i o n  of h i g h  f r e q u e n c y
h y d r o p h o n e s ,  this r e q u i r e s  a g o o d  k n o w l e d g e  of the 
h a r m o n i c  c o n t e n t  of the d i s t o r t e d  w a v e f o r m .  B u t  as we 
h a v e  s e e n  t his is m o r e  a c c u r a t e l y  p r e d i c t a b l e  w h e n  the
w a v e f o r m  is w e l l  i n t o  s h o c k .
T h e  a i m  of this t h e s i s  has b e e n  to s h o w  the 
e f f e c t s  w h i c h  o c c u r  w h e n  b o t h  n o n - l i n e a r i t y  and
d i f f r a c t i o n  a r e  i m p o r t a n t .  A o n e - d i m e n s i o n a l  m o d e l  has
b e e n  c o n s t r u c t e d  w h i c h  i n c l u d e s  t h e s e  e f f e c t s  and a 
c i r c u l a r  p i s t o n  t r a n s d u c e r  has p r o v i d e d  s u p p o r t i n g
e x p e r i m e n t a l  e v i d e n c e .  B o t h  the m o d e l  an d  the
e x p e r i m e n t a l  o b s e r v a t i o n s  h a v e  ha d  l i m i t a t i o n s .
H o w e v e r ,  o v e r a l l  an i n s i g h t  has b e e n  g a i n e d  i n t o  this 
p r o b l e m  w h e r e  t h e s e  two c o m p l e x  e f f e c t s  a r e  c o m b i n e d .
1 6 3
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1 7 1
A p  p e n d  i x 1
The S e c o n d  h a r m o n i e  n e a r - f i e l d .
In c h a p t e r  2 it w a s  s h o w n  t h a t  the s e c o n d  
h a r m o n i c  f i e l d  g e n e r a t e d  f r o m  a n y  g e n e r a l  f u n d a m e n t a l  
f i e l d  is g i v e n  by
T h i s  e x p r e s s i o n  is d e r i v e d  by a p e r t u r b a t i o n  m e t h o d  a n d  
is t h e r e f o r e  o n l y  v a l i d  fo r  the c a s e  w h e r e  the s e c o n d  
h a r m o n i c  v e l o c i t y  p o t e n t i a l  is m u c h  s m a l l e r  t h a n  the 
f u n d a m e n t a l .  W i t h  the s u b s t i t u t i o n  of the p l a n e  w a v e  
s p e c t r u m  of a s p h e r i c a l  w a v e  g i v e n  in a p p e n d i x  2 
(Eq. A 2 . 4 0 ) ,  Eq. A l . l  b e c o m e s
2 [ ( x - X o ) s i n  c os  ij; + ( y - y o ) s i n  •& s i n
A1 . 2
. ( Z - Z o ) C O S  ^
N o w  m a k e  the f o l l o w i n g  s u b s t i t u t i o n s  i n t o  Eq. A 1 . 2  to 
c o n v e r t  the c o - o r d i n a t e s  to a r e c t a n g u l a r  g e o m e t r y
k; = k'  sin 0  c os  ^ k y = k ' sin ^  sin ^ k;  = k ' c o s  ■&
A1 . 3





This r e d u c e s  Eq. A 1.2 to
k ' p  III ^2 g j [ ( x - X o ) k i » ( y - y o ) k ; * ( z - z „ ) k ; ]  dk;  d k ;
A1 .4
T h i s  e x p r e s s i o n  is a g e n e r a l  on e  for a n y  f u n d a m e n t a l  
f i e l d ,  the s p e c i f i c  c a s e  of a c i r c u l a r  p i s t o n  is n o w  
t a k e n  by the u s e  of an e x p r e s s i o n  for the f u n d a m e n t a l  
v e l o c i t y  p o t e n t i a l .  M a k i n g  the s a m e  s u b s t i t u t i o n s  for 
the C a r t e s i a n  c o - o r d i n a t e s  (Eq. A 1 . 3 ) ,  i n t o  K i n g s  
i n t e g r a l  (Eq. A 2 . 4 3 ) ,  the e x p r e s s i o n  for the s m a l l  
s i g n a l  f i e l d  of a c i r c u l a r  p i s t o n ,  g i v e s
2 k  I I k:
A 1 . 5
w h e  r e
_ J 1 ( v̂( kx k y) a)
vXk* + kZ)a A l . 6
N o w  s q u a r e  e q u a t i o n  A 1.5 u s i n g  1 i n s t e a d  of k in o n e  
i n t e g r a l  t h e n  s u b s t i t u t e  this i n t o  Eq. A 1 . 4  to g e t
1 7 3
^ 2  =
Upa^k^P
3 2 k ^c Ak A
" y
,J [xok.»yok,‘ZokJ J [(x-Xo)k',.(y- A1 . 7yo)k%
(z - Z o ) k J
w h e  r e
jjg dk,dk.
A1 .8
E q u a t i o n  Eq .  A 1 . 7  is i d e n t i c a l  to Eq. 15 in r e f e r e n c e  4. 
H o w e v e r ,  I n g e n i t o  a n d  W i l l i a m s  u s e d  a m e t h o d  b a s e d  o n  
t h e  s o l u t i o n  of the o r i g i n a l  n o n - l i n e a r  w a v e  e q u a t i o n  by 
the u s e  of G r e e n s  f u n c t i o n s .
Eq .  A 1 . 7  c a n  be i n t e g r a t e d  o v e r  X q an d  to
g e t
Upa^k^p
32 Tî c A, A, (2 K) 6( kx+ Ix -k'x )
■X 'y
A1 . 9
6 U \ + ^ - k ; )  e jĵ kj + l^-k^jzQ jj^xkx+yky+zkzj dOk dO| dQk dZo
N o w  u s e  the s i f t i n g  p r o p e r t y  of the d e l t a  f u n c t i o n  to
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i n t e g r a t e  o v e r  ^ % and k y
U p ^ k V p
8  Tl̂ c A k Ai e
j [( kx + lx)x  ̂(ky+ly )y +kiz]
X y Al . 10
J [kz + U - k j z o  dO| dOk d z
k%
k ' is f i x e d  by the e q u a t i o n
k'Z= (k, + l,)2+(ky + ly)Z+k;2 A l . l l
or
k;^= (k,+ l, +(k +|j2_(2k)2 A1 . 12
u s i n g
A l . l  3
Eq. A 1 . 1 2  bee om e  s
((k..k, * k j  - (I..I,.I,))' A 1 . 1 4
T h i s  c a n  be e x p a n d e d  as a b i n o m i a l  s e r i e s  in the s m a l l  
q u a n t i t y
1 7 5
((k, + ky + kz) - +
 ^ 7 7 ? ---------
to g i v e
k ; :  k , . U  - l ((k,'k,.k;)-(l.*ly'l;)J A 1 . 1 6
2 (k,+ l;)'
T h e  a b o v e  a p p r o x i m a t i o n  a s s u m e s  t h a t  the w a v e  v e c t o r  in 
the z d i r e c t i o n  is m u c h  g r e a t e r  in m a g n i t u d e  t h a n  the 
w a v e  v e c t o r s  in the x an d  y d i r e c t i o n s ,  t h i s  is a g o o d  
a p p r o x i m a t i o n  w h e n  the w a v e s  a r e  c o l l i m a t e d ,  as in the 
c a s e  of the n e a r - f i e l d .  It a l s o  f o l l o w s  t h a t  k^ a n d  1% 
ar e  a p p r o x i m a t e l y  e q u a l  to k, u s i n g  Eq .  A 1 . 1 6  t h i s  g i v e s
k ^ - k ; - l z :  1 (_>^^-lx)^-(ky-ly)^ A l . l  7
2 2 k
N o w  c h a n g e  b a c k  to s p h e r i c a l  c o - o r d i n a t e s
k,  = ksin Û cos i|) ky=ksin ^ sin ip kz = kcos ■&
l x = k s i n  a c o s  p 1 = k s i n  a  s in p 1̂  = k c o s  a  a I . 1 8
d k x d k  . d l , d l y
------------  = k s i n  Û d-0 dip    = k s i n  a  d a  d|3
H e n c e  Eq. A l . l 7 b e c o m e s
1 7 6
k'z-kz-lz : -^^[2 - COS -COS a -sin 0 sin a cos(ip-p)] A1.19
T h i s  e q u a t i o n  a s s u m e s  a v a l u e  of w h i c h  is s m a l l ,
e s s e n t i a l l y  the s a m e  a p p r o x i m a t i o n  as k% b e i n g  s m a l l  
c o m p a r e d  w i t h  k. N o w  f r o m  t h e  i n t e g r a l  Eq. A l . l O  t e r m s  
c a n  be g r o u p e d  in z a n d  Z q  ̂ t h is e n a b l e s  the 
s u b s t i t u t i o n  for 0 = z  - Z q r e d u c i n g  the i n t e g r a l  
(Eq. A l . l O )  to
/• /» /•
Ç up. o M I I I  I I A. Aj J  .(ky*l,)y] ^jko■w/ ////0 k, ky I, ly
^jkcos -a [z - 0/2] ^j kcos  a [z - 0/2] ^jksin sin a A l . 2 0  
do dQk d Q , 
2k
N o w  i g n o r e  the y t e r m  b e c a u s e  of the c i r c u l a r  s y m m e t r y  
a n d  u s e  the c o - o r d i n a t e s  d e f i n e d  in Eq. A 1 . 1 8  to g i v e
" - / / / / /
d ip a p
A(-») a  [z - 0/ 2]  g j k x s m  a  C O S ' ^  ^ A 1 . 2 1
A ( a )  “  [ z - o / 2 ]  ^ jkxs in  a c o s  (3 ^
jksin 0 sin a c o s i i p - p ) o / 2  
^ dp da dip d") do
1 7 7
N ow
= J q( z ) + 2 ^  j " J n ( z ) c o s ( n 6 )  A 1 . 2 2
n =1
F o r  s m a l l  z it is p o s s i b l e  to u s e  the f i r s t  t e r m  o f  t h i s  
s e r i e s  to s i m p l i f y  Eq. A 1 . 2 1 .  To  d o  t h i s  a l s o  r e q u i r e s  
t h a t  the v a l u e  o f  x, the r a d i a l  c o - o r d i n a t e ,  is n o t  t o o  
l a r g e .  T h i s  is u s u a l l y  the c a s e  as we  a r e  i n t e r e s t e d  in 
the c o l l i m a t e d  r e g i o n  for x < a .  W i t h  t h i s  s u b s t i t u t i o n  
i n t e g r a t i o n  o v e r  P a n d  (j) is p o s s i b l e  a n d  t h e  e q u a t i o n  
for the s e c o n d  h a r m o n i c  v e l o c i t y  p o t e n t i a l  r e d u c e s  to
J k c o s  0 [ z - o / 2 ]  ^ ^  A 1 . 2 3
A ( a )  eJkcos » [ z - o / 2 ]  j  a ) Sin a
Jo  ( s i n  •& sin a k o / 2 )  da dO do
T h e  t e r m
Jm (sin 0 sin a k o / 2 )  A 1 . 2 4
is c a l l e d  the c o u p l i n g  f u n c t i o n  by I n g e n i t o  a n d  W i l l i a m s  
as it i n t e r m i x e s  i n t e g r a t i o n  o v e r  ^  a n d  a . B e c a u s e  the
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c o u p l i n g  f u n c t i o n  is s e c o n d  o r d e r  s m a l l  in a n g l e ,  it is 
p o s s i b l e  to u s e  the f i r s t  t e r m  in the s e r i e s  for a 
B e s s e l  f u n c t i o n  for s m a l l  a r g u m e n t s ;  t h a t  is the
c o n s t a n t  1. T h i s  r e d u c e s  Eq. A 1 . 2 3  to
gjko
1 A 1 . 2 5
jkcos [ z -  0/ 2J J ( k xs i n  3 ) s i n  û
Ô = 3 P
A ( a )  e
A ( a ) gjkcos a [z - 0/ 2] ^xsin a ) sin a da d-& do
It c a n  be s e e n  t h a t  t h i s  r e s u l t  c o n t a i n s  K i n g s  i n t e g r a l  
as g i v e n  in Eq. A 2 . 4 4 ,  it is p o s s i b l e  t h e r e f o r e  to 
s u b s t i t u t e  the f u n d a m e n t a l  v e l o c i t y  p o t e n t i a l  b a c k  i n t o  
t h e  e x p r e s s i o n  for the s e c o n d  h a r m o n i c  to g i v e
$ 2= ^  I $ î ( x . z - o / 2 )  do/4 c  ; A 1 . 2 60 = 0
T h i s  e x p r e s s i o n  is d i s c u s s e d  f u r t h e r  in c h a p t e r  2, w h e r e  
e x p r e s s i o n s  a r e  d e r i v e d  f o r  the c a s e  on the a c o u s t i c  
a x i s  of the p i s t o n .  T h e  i n t e g r a l  is a l s o  s o l v e d
n u m e r i c a l l y  for the w h o l e  of the n e a r - f i e l d  r e g i o n .
1 7 9
A p p e n d i x  2
The l i n e a r  f i e l d  o f  a p i s t o n  r a d i a t o r .
A 2 . 1  I n t r o d u c t i o n
In the c h a p t e r  2 an e x p r e s s i o n  is g i v e n  in
E q .  2 . 3 5 . for the n e a r - f i e l d  s e c o n d  h a r m o n i c  in t e r m s  of
the s m a l l  s i g n a l  v e l o c i t y  p o t e n t i a l .  It is t h e r e f o r e  
a p p r o p r i a t e  to l o o k  fo r  a s i m p l e  e x p r e s s i o n  for t h i s  
v e l o c i t y  p o t e n t i a l  w h i c h  c a n  be u s e d  in E q .  2 . 3 5 .
T h e  f i e l d  o f  a p i s t o n  r a d i a t o r  for s m a l l
s i g n a l s  has b e e n  the s u b j e c t  of m a n y  i n v e s t i g a t i o n s .  In
t h i s  c h a p t e r  a d e t a i l e d  r e v i e w  of the s u b j e c t  is
p r e s e n t e d ,  l o o k i n g  at the a c c u r a c y  of the a p p r o x i m a t i o n s  
by n u m e r i c a l  i n t e g r a t i o n .  A n e w  c l o s e d  f o r m  e x p r e s s i o n  
is d e v e l o p e d  fo r  the n e a r - f i e l d  w h i c h ,  a l t h o u g h  r a t h e r  
c o m p l i c a t e d ,  d e s c r i b e s  the n e a r - f i e l d  q u i t e  a c c u r a t e l y .
T h e  e x p r e s s i o n  is too c o m p l e x  t o  b e  i n t e g r a t e d  in 
I n g e n i t o  a n d  W i l l i a m s  s o l u t i o n  ( 4), h o w e v e r  it a l l o w s  
m u c h  q u i c k e r  c o m p u t a t i o n  of the n e a r - f i e l d  by a d i g i t a l  
i n t e g r a t i o n  to f i n d  t h e  n e a r - f i e l d  s e c o n d  h a r m o n i c
f i e l d .
T h e  l i n e a r  f i e l d  o f  a c i r c u l a r  p i s t o n  is f o u n d  
by  s o l v i n g  the l i n e a r  w a v e  e q u a t i o n  Eq. 2.1. W i t h  the 
b o u n d a r y  c o n d i t i o n  of a c i r c u l a r  p i s t o n  v i b r a t i n g  in an 
i n f i n i t e  r i g i d  p l a n a r  b a f f l e ,  w h e r e  the n o r m a l  c o m p o n e n t  
of the p a r t i c l e  v e l o c i t y  is c o n s t a n t  on the p i s t o n  a n d  
z e r o  on the b a f f l e .  It is w e l l  k n o w n  t h a t  the s o l u t i o n  
c a n  be r e d u c e d  to the R a y l e i g h  i n t e g r a l  ( 5 0 , 5 1 )
1 8 0
d S
A2  . 1
It c a n  be s e e n  t h a t  t his r e p r e s e n t s  a s e r i e s  
of e l e m e n t a l  s o u r c e s  on the s u r f a c e  of the p i s t o n ,  the 
e f f e c t s  d u e  to w h i c h  a r e  i n t e g r a t e d  to g e t  a v e l o c i t y  
p o t e n t i a l  at p o i n t  R in the f i e l d .  T h e  g e o m e t r y  of the 
p r o b l e m  is s h o w n  in fig. A 2 . 1 .  U s i n g  t h i s  g e o m e t r y  a n d  
c h a n g i n g  to c y l i n d r i c a l  c o o r d i n a t e s  g i v e s
a /* 271
f
^ ^  o d o d P  A 2 . 2
0=0 p = 0
w h e r e  the f o l l o w i n g  v a r i a b l e s  a r e  d e f i n e d  f r o m  fig. A 2 . 1
X = rsin(^)  z = rcos (Ù)
Xo = o cos(p) yo=osin(p) A 2 . 3
R^= 0^-2 r ocos(  p )sin( )
If ^ is put to 0 in Eq. A 2 . 3  t h e  e q u a t i o n  
c a n  be i n t e g r a t e d  to g i v e  the on a x i s  v a r i a t i o n
$ = j ü  eJkz  I   ̂ _ g - j k ( V ( z ^ a ' ) - Z ) | A 2  . 4
W h i c h  is s h o w n  in fig. A 2 . 2  for a c i r c u l a r  p i s t o n  w i t h
k a = 1 0 5 .  T h i s  e q u a t i o n  c a n  be s e e n  to c o n t a i n  tw o  t e r m s
o n e ,  a p l a n e  w a v e  o r i g i n a t i n g  f r o m  t h e  c e n t e r  of the
p i s t o n ,  the o t h e r  a w a v e  f r o m  the e d g e  of the p i s t o n .
S i m i l a r  t y p e s  of e q u a t i o n  o c c u r  t h r o u g h o u t  t h i s  a p p e n d i x
w h e n  d e a l i n g  w i t h  f i e l d  p o i n t s  o f f  the a c o u s t i c  a x i s .
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Fig. A2.1 Geometry used for calculating the 




















































































A l s o  m a k i n g  the a p p r o x i m a t i o n  for l a r g e
d i s t a n c e ,  t h a t  is in the f a r - f i e l d ,  it is e a s i l y  s h o w n  
t h a t  Eq. A 2 .2 y i e l d s
T h e  e q u a t i o n  is s h o w n  in fig. A 2 . 3  n o r m a l i s e d  to the
pe ak va  lue .
A 2 . 2  S c h o c h 's S o l u t i o n .
We n o w  c h a n g e  the g e o m e t r y  of  the p r o b l e m  as 
s h o w n  in fig. A 2 . 4 .  I n s t e a d  o f  s u m m i n g  th e  e l e m e n t a r y  
s o u r c e s  a r o u n d  t h e  c i r c l e  c e n t e r e d  o n  the p i s t o n  c e n t e r  
t h e y  a r e  n o w  s u m m e d  a r o u n d  an a r c  w h i c h  is c e n t e r e d  on
the s u r f a c e  of the p i s t o n  at a p e r p e n d i c u l a r  d i s t a n c e
f r o m  the f i e l d  p o i n t .  T h e  R a y l e i g h  i n t e g r a l  b e c o m e s
'̂ 0
2 —  d y  p dp A 2 . 6
P " Y  = o
F o r  x < a ,  t h e r e  ar e  tw o  r e g i o n s  of i n t e r e s t ,  
o n e  w h e r e  the s o u r c e s  a r e  s u m m e d  o v e r  t h e  a r c  a n d  o n e  
w h e r e  t h e y  a r e  s u m m e d  o v e r  a c i r c l e .  F o r  t h e  t w o  c a s e s
Yo=TI0 < p < a -X ■ u
A2 . 7
a - x < p  < a + x  Y^= COS'
\ 2 p x  j
T h e  i n v e r s e  c o s i n e  e x p r e s s i o n  c o m e s  f r o m  the 
g e o m e t r y  of fig. A 2 . 5 .  S p l i t t i n g  the i n t e g r a l  i n t o  two
1 8 4
Fig. A2.4 Geometry used in Schoch's solution.
Fig. A2.5 Geometry used in Schoch's solution (x<a)
A
Fig. A2.6 Geometry used in Schoch's solution (x>a)
h a l v e s  g i v e s
R
By u s i n g  the r e l a t i o n s  f r o m  fig. A 2 . 4 ,
ẑ  + p2 p dp = R dR A 2  . 9
E q . A 2 .6 bee ome s
R,
5 = U „  /  eJkR dR  .  ^  i  dR  A 2 . 1 0
T h e  f i r s t  i n t e g r a t i o n  is t r i v i a l ,  the s e c o n d  is 
i n t e g r a t e d  by p a r t s ,  g i v i n g
5 = eJl'Z I 1 - 1  / eJk(R -z)
*/ n
A 2 . 1 1
w h e  r e
R^= P^+ p = x c o s  Yo + V  ( a^+x^in^ ) A2 . 1 2
T h i s  s i n g l e  i n t e g r a l  s o l u t i o n  to R a y l e i g h s  
i n t e g r a l  is due to S c h o c h  ( 5 2 )  a n d  w i l l  be t e r m e d  
S c h o c h ' s  s o l u t i o n .  T h i s  s o l u t i o n  is v a l i d  o n l y  for x < a .  
N o t e  t h a t  the r e s u l t  is a g a i n  in the f o r m  of a s u m m a t i o n  
of two t e r m s ,  a p l a n e  w a v e  f r o m  t h e  p i s t o n  s u r f a c e  to 
the f i e l d  p o i n t ,  p l u s  a t e r m  d e f i n e d  by the r e m a i n i n g  
i n t e g r a l .
U s i n g  Eq. A 2 . 6  it is p o s s i b l e  to f i n d  a 





Fig. A2. 7 The near-field of a circular piston form a numerical 
integration of Schoch's result. Normalised by Uq/JK.
0 = y.0
Tl Yn dR A2 . 1 3
A g a i n  i n t e g r a t i n g  this by p a r t s  g i v e s
0
Jk eJkR d y A2. 14
In the f i r s t  t e r m  Yo has v a l u e  of 0 w h e n  R = R ,  a n d  
R = R 2 h e n c e
Ri
A 2 . 1 5
In t h i s  c a s e  p is d o u b l e d  v a l u e d  f o r  a g i v e n  as c a n
be s e e n  f r o m  fig. A 2 . 6 .  T h i s  i n t e g r a l  c a n  be s p l i t  i n t o  
two p a r t s .  O n e  for a n g l e  A C B  l e s s  t h a n  a r i g h t a n g l e  and 
on e  for it b e i n g  g r e a t e r .
5 = Ü 0  1  
jk Tl
s i n " ( a / x j
eJkR' dy, /
sin-\'a /x )
mJkR' dYo A 2 . 1 6
w h e r e  R' a n d  R" ar e  d e f i n e d  by
R ' 2 =  z ^  + p ^  p '  = X C O S  Y o  - V  ( a ^ -  x ^ s i n ^  Yo ) A 2 . 1 7
R " ^ =  + P " ^  p "  = XCOS Yo + N/Ca - X^sin Yq ) A 2 . 1 8
A n o t h e r  a p p r o a c h  to s i m p l i f y  the i n t e g r a l  is to u s e  
a n g l e  P ( s h o w n  in fig. A 2 . 6 )  as the v a r i a b l e .  T h e n
w i t h
1 8 9
X sin Yo = a s m  |3
A2  . 1 9
g i v i n g
P = 7(x^-a2sin2 p ) + acos p A 2 . 2 0
a n d
T h i s  r e s u l t s  in Eq .  A 2 . 1 6  b e c o m i n g
Tl/ 2
5 = ^ /  j e - j k ( R ' - z ) .  ^- jk (R"-z) )  acos p dP
‘ > ' ' \/(x:-a:sin2 P) k 2 . l l
T h e  two e q u a t i o n s  Eq. A 2 . 1 1  a n d  Eq. A 2 . 2 2  
r e p r e s e n t  an a c c u r a t e  d e s c r i p t i o n  of the n e a r - f i e l d  o f  a 
c i r c u l a r  p i s t o n ,  for r e g i o n s  x < a  a n d  x > a  r e s p e c t i v e l y .  
T h e  e x p r e s s i o n s  h a v e  b e e n  p r e v i o u s l y  u s e d  to c o m p u t e  the 
n e a r - f i e l d  v a r i a t i o n ,  g i v i n g  a m u c h  f a s t e r  m e t h o d  t h a n  
u s i n g  the R a y l e i g h  i n t e g r a l  Eq. A 2 . 1  d i r e c t l y ,  as d o n e  
by Z e m a n e k  (38 ) .
A 2 . 3  An e x p r e s s i o n  for Ç on the s u r f a c e  x = a .
It is p o s s i b l e  to u s e  the m e t h o d  a b o v e  to g e t  
an e x p r e s s i o n  for the v e l o c i t y  p o t e n t i a l  on the s u r f a c e  
x = a. W h e n  x = a fig. A 2 . 8  g i v e s
1 9 0
ï, » n  2 2acosY\
Fig. A2.8 Geometry used for calculating the velocity potential
on the surface x=a.
R?= 4a^z^ R, = z A2 .23
T h e n  Eq. A 2 . 1 0  r e d u c e s  to




a l s o
A 2 . 2 4
= ẑ  + 4a cos Yo A 2 . 2 5
T h i s  e x p r e s s i o n  for R c a n  be r e p r e s e n t e d  as a b i n o m i a l
s e r i e s
R-Z + — ♦ — c OS ( 2 Yo) * • • A2 .26
e n a b l i n g  i n t e g r a t i o n  of Eq. A 2 . 2 4  to g i v e
* " jk°2
^jkz
1 - J„( A 2 . 2 7
T h i s  e x p r e s s i o n  is the s a m e  as o n e  d e r i v e d  
i n d e p e n d e n t l y  b y  T j o t t a  (53) a n d  is s h o w n  in fig. A 2 .9 
for k a = 1 0 5 .
A 2 . 4  C o n v o l u t i o n  m e t h o d .
A d i f f e r e n t  m e t h o d  o f  f o r m u l a t i n g  t h i s  p r o b l e m  
is to l o o k  at it in t e r m s  of a c o n v o l u t i o n  p r o c e s s .  A
d i r e c t  m e t h o d  f r o m  the w a v e  e q u a t i o n  is g i v e n  by 
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i n t e g r a l  c l o s e l y  f o l l o w i n g  a m e t h o d  by H a r r i s  ( 5 5 ) .
T h e  R a y l e i g h  i n t e g r a l  g e n e r a l i s e d  for any 
p i s t o n  m o t i o n  ca n  be w r i t t e n  in the t i m e  d o m a i n  in the 
g e n e r a l  f o r m
5 . I y_il-R/c  ) j g  A 2 . 2 8
2 TiR
the v e l o c i t y  t e r m  c a n  be w r i t t e n  in t e r m s  of a d e l t a  
f u n c t i o n  g i v i n g
/^  = I V ( t o )  I ^  ~ ~ ^0^ dS d t o  A 2 . 2 92 Ti R
5
t h i s  is a c o n v o l u t i o n  i n t e g r a l  a n d  c o u l d  be w r i t t e n
r
5 = I V ( t „ )  I ( t  - t o . R )  dto A 2 . 3 0
w h e  r e
I ( t , R ) =  /  6 ( t - R / c )
2 n R  A 2 . 3 1
l ( t )  is the i m p u l s e  r e s p o n s e .  E q .  A 2 . 3 0  c a n  be 
v i s u a l i s e d  as the v e l o c i t y  p o t e n t i a l  at a n y  p o i n t  in the
f i e l d  b e i n g  g i v e n  by the s u m m a t i o n  of i m p u l s e s  f r o m  a
s m a l l  a r e a  of the p i s t o n ,  e a c h  on e  d e l a y e d  by a time 
R / c  .
C o n s i d e r  f i g s .  A 2 . 1 0  a n d  A 2 . 1 1  w h e r e  the s h a p e  
of the p i s t o n  is s h o w n  to b e  a r b i t a r y ,  the s u r f a c e
e l e m e n t  dS  is g i v e n  by a s m a l l  s e g m e n t  of arc L (R )




Fig. A2. 10 Geometry used in the convolution method.
R-dR
Xd d
Fig. A2. 11 Geometry used in the convolution method.
" s i n ( 0 (  R )  ) A 2 .  32
the f u n c t i o n s  (R) and L ( R )  a r e  f u n c t i o n s  d e f i n e d  by the 
s h a p e  of the s u r f a c e ,  u s i n g  t h e s e  v a r i a b l e s  the i m p u l s e  
r e s p o n s e  c a n  be w r i t t e n
*oo /*L ( R)
- .- f sin U  (k )
I n t e g r a t i o n  w i t h  r e s p e c t  to L ( R )  is t r i v i a l  a n d  it is 
p o s s i b l e  to u s e  the s i f t i n g  p r o p e r t y  of the d e l t a  
f u n c  t io n  to g i v e
T - L ( c t )
2T i ts i n ( 0 ( c t ) )  A 2 . 3 4
F o r  a c i r c u l a r  p i s t o n  the f u n c t i o n s  L a n d  ù a r e  n o w  
d e f i n e d .  T h e r e  ar e  v a r i o u s  r e g i o n s  of i n t e r e s t  as in 
S c h o c h ' s  s o l u t i o n .  H o w e v e r ,  for all r e g i o n s
0 ( R )  = cos'H z /  R ) A2 . 35
s , n ( ^ ( R ) ) =  V ( R ^  A 2 . 3 6
a n d  for x < a
A 2 . 3 7
L ( R ) = 2n V(R'»2^) z < R < V((a-x)^z^)
1 9 6
L(R ) = v (R2-z2)
' 2 X (R^-7^ )x ' z I A 2  . 3 8
V( (a-x)^^z^) < R <V((a+x)' + zO
S u b s t i t u t i n g  t h e s e  i n t o  the c o n v o l u t i o n  i n t e g r a l  w i t h  
s i n u s o i d a l  t i m e  d e p e n d e n c e  g i v e s
Ç = ^  g-jwt I g-jkv((a -x) ' *z^) _ e - j k z |
* Uo gjWt 
TI
V((a.,)2.z2)/c A 2 . 3 9
/(( i-* )^.2 ^ ) /c
F u r t h e r  s i m p l i f i c a t i o n  is n o t  p o s s i b l e .  T h i s  
r e s u l t  has b e e n  u s e d  by S t e p a n i s h e n  ( 5 4 )  for n u m e r i c a l  
e v a l u a t i o n  of the f i e l d  of a c i r c u l a r  p i s t o n .
A 2 . 5  K i n g s  i n t e g r a l .
T h e  f o l l o w i n g  i d e n t i t y  c a n  be u s e d  to 
t r a n s f o r m  th e  R a y l e i g h  i n t e g r a l
^jkCxsin ^ cos (p +ysin ù sin lir + zcos ■& ) 




T h i s  e q u a t i o n  is d i s c u s s e d  by P a p o u  lis (56) 
a n d  B r e k h o u s k i k h  ( 5 7 ) .  It c a n  be v i s u a l i s e d  as the 
b r e a k d o w n  of s p h e r i c a l l y  s p r e a d i n g  w a v e s  i n t o  a s p e c t r u m  





-jk((x-Xo)sin cos ip +(y -yo)sin 0 sin c|)
zcos ) A 2 . 4 1
sin d-5 dijj odo d p
c h a n g i n g  to c y l i n d r i c a l  c o o r d i n a t e s  g i v e n  in Eq. A 2 . 3  
g i v e s
0 = _ Hojk 
( 2 ti)
loo /» 2 Tl
-jk(xsin 0 cos (|) +zcos ^
2 Tl
jkocos( p -4̂ ) sin ■&
A 2 . 4 2
0 do d P  d-)  di|)
i g n o r i n g  the y t e r m  b e c a u s e  of s y m m e t r y .  It is p o s s i b l e
to i n t e g r a t e  o v e r  o and P to g i v e
4=4joo
2 k
J,( kasin.O ) ^jk(xsin 0 cos 4; +zcos 0 ) 
kasin 0
A 2 . 4 3
sin 0 d-& dip 
a n d  f u r t h e r  i n t e g r a t i o n  o v e r  4̂ g i v e s
Tl .
+  J 00
^ = -juoka^ ' - j k z c o s ^  V k x s i n  ^ ) s m ^  da  kasin
A 2 . 4 4
It ca n  be s e e n  by c o m p a r i n g  Eq. A 2 . 4 0  w i t h  Eq. A 2 . 4 3  
t h a t  the f i e l d  is g i v e n  by a p l a n e  w a v e  s p e c t r u m  
c o r r e s p o n d i n g  to the f a r - f i e l d  d i r e c t i v i t y .  Eq. A 2 . 4 4
1 9 8
is an e x a c t  s o l u t i o n  for the c i r c u l a r  p i s t o n  a n d  is a 
w e l l  k n o w n  r e l a t i o n  c a l l e d  K i n g s  i n t e g r a l .
A 2 . 6  S o l u t i o n s  to K i n g s  i n t e g r a l .
It is p o s s i b l e  to s i m p l i f y  K i n g s  i n t e g r a l  b y  
m a k i n g  the a s s u m p t i o n  t h a t  the s i g n i f i c a n t  v a l u e s  o f 0  
a r e  s m a l l ,  a n d  the f i e l d  p o i n t  is n o t  t o o  c l o s e  to the 
p i s t o n .  T h i s  i m p l i e s  t h a t  the w a v e  v e c t o r  k> is s m a l l  
c o m p a r e d  w i t h  k, an a p p r o x i m a t i o n  a l s o  u s e d  f o r  the 
n o n - l i n e a r  f i e l d .  M a k i n g  the f a l l o w i n g  s u b s t i t u t i o n s
sin ■& - -9 cos -9 - 1 - 0 2
w  = kasin -9 \i = x! a
A 2 . 4 5
Eq. A 2 . 4 4  b e c o m e s
Z ..,2
I e ‘4 R ^  Jo(nw) w d w  A2.46
k I w
0
W h e r e  is the R a y l e i g h  d i s t a n c e  ka^/2
T h e r e  h a v e  b e e n  t h r e e  w a y s  to a p p r o a c h  the 
s o l u t i o n  to t his p r o b l e m  o n e  b y  the u s e  of s e r i e s  
a p p r o x i m a t i o n s  as e m p l o y e d  by W a t s o n  ( 5 8 )  a n d  R u d e n k o  
(10) to g i v e  a r e s u l t  in h y p e r g e o m e t r i c  f u n c t i o n s .  
S e c o n d l y  to d i f f e r e n t i a t e  w i t h  r e s p e c t  to |i , g i v i n g  a 
s t a n d a r d  i n t e g r a l  a n d  t h e n  to r e i n t e g r a t e .  T h i s  m e t h o d  
has b e e n  u s e d  by R o g e r s  ( 59) a n d  T j o t t a  ( 5 3 ) .  T h e  f i n a l  
m e t h o d ,  as d e r i v e d  by the a u t h o r  a n d  B e r k t a y  u s e s  the 
f a c t  t h a t  the i n t e g r a l  is the H a n k e l  t r a n s f o r m  of a
1 9 9
p r o d u c t  a n d  h e n c e  c a n  be r e p r e s e n t e d  as the c o n v o l u t i o n  
of the t r a n s f o r m s  of the two t e r m s .
Th e  f i r s t  m e t h o d  l e a d s  to the r e s u l t
5.. g  1  A 2 . 4 7
n=l ni z
T h i s  s e r i e s  o n l y  c o n v e r g e s  r a p i d l y  for 
f a r - f i e l d  r e g i o n s  a n d  is t h e r e f o r e  of l i t t l e  u s e .
F o r  the s e c o n d  m e t h o d  d i f f e r e n t i a t e  Eq. A 2 . 4 6  
w i t h  r e s p e c t  to p. g i v i n g
z ...2^  = i£o J k z  I 
dp. jk e I  e J,(|i w ) J,(w ) w  d w  A 2 . 4 8
0
t h i s  is n o w  a s t a n d a r d  i n t e g r a l  a n d  r e d u c e s  to
^  = is 2Ro j(1.̂ ')Ro/z ( 2 m_R2, A2 49
d n  jk z ^
T o  g e t  b a c k  to ^ t his has to b e  r e - i n t e g r a t e d
^ '  jk ^  I e j ( 1 '  ^ ' ) Ro /z  A 2 . 5 0
T j o t t a  ( 5 3 )  a n d  R o g e r s  ( 5 9 )  f o l l o w  t h i s  
f u r t h e r  to g e t  s e r i e s  a p p r o x i m a t i o n s .
T h e  f i n a l  m e t h o d  is b a s e d  on H a n k e l  t r a n s f o r m  
t h e o r y .  T h e  d e f i n i t i o n  of a H a n k e l  t r a n s f o r m  is
U w ) =  I  [if(p)Jo(wp) dp. A 2 . 5 1
0
u s i n g  t h i s  the f o l l o w i n g  t r a n s f o r m s  c a n  be d e r i v e d .
200
A 2  . 53
h e n c e  f r o m  K i n g s  i n t e g r a l  A 2 . 4 6  it c a n  be s e e n
5 = 2 ^  eJkz J 1 j *2'
T h e  d o u b l e  c o n v o l u t i o n  is g i v e n  by
1 /• 2Tl
1 J ^ ( ^ i ' . p ' - 2 n p c o s ( i P - Y ) )  A 2 . 5 5
T h i s  is d e r i v e d  in A p p e n d i x  3. I n t e g r a t i n g  o v e r  Y a n d  
s u b s t i t u t i n g  i n t o  Eq. A 2 . 5 4  g i v e s
5 =  i f  I p dp 6 2 . 5 6
0
T h i s  f u n c t i o n  has b e e n  n u m e r i c a l l y  i n t e g r a t e d  
a n d  is s h o w n  in f i g s .  A 2 . 1 2  to A 2 . 1 7 .  G o o d  a g r e e m e n t  is 
o b t a i n e d  o v e r  the n e a r - f i e l d  r e g i o n  as c o m p a r e d  w i t h  
S c h o c h ' s  s o l u t i o n ,  the a p p r o x i m a t i o n  g e t t i n g  p o o r e r
n e a r e r  to the p i s t o n  as e x p e c t e d .
Eq .  A 2 . 5 6  ca n  be r e a r r a n g e d  to g i v e  tw o
i n t e g r a l s ,  o n e  f r o m  0 to i n f i n i t y  a n d  the o t h e r  f r o m  1
to i n f i n i t y ,  the 0 to i n f i n i t y  i n t e g r a l  is s t a n d a r d
h e n c e  Eq. A 2 . 5 6  ca n  be w r i t t e n
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Fig. A2. 12 Comparison of Kings integral Eq. A2. 56 and 
Schoch's result Eq. A2. 11 on the surface x=a. 













Fig. A2. 13 Comparison of Kings integral Eq. A2. 56 and 
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Fig. A2. 14 Comparison of Kings integral Eq. A2. 56 and
Schoch's result Eq. A2. 11 across the axis at z/a=a/4X 
(Normalised to Ug/Jk ka=105)
velocity potential
, Pi





0.  ̂ 0 4 o.r
Fig. A2.15 Comparison of Kings integral Eq. A2.56 and 
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Fig. A2. 16 Comparison of Kings integral Eq. A2. 56 and 
Schoch's result Eq. A2.11 across the axis at z/a=3a/4X 
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Fig. A2. 17 Comparison of Kings integral Eq. A2. 56 and 
Schoch's result Eq. A2. 11 across axis at z/a=a/\
0 =
Jk
1. ^  I J„( I ^) e z p dp A 2 . 5  7
The i n t e g r a l  c a n  f u r t h e r  be r e d u c e d  by t a k i n g  the 
a s y m p t o t i c  f o r m  of  the B e s s e l  f u n c t i o n
58
to g i v e





^ ( p - p y
V ( p )  dp
A2. 59
V( p )  dp
T h e s e  i n t e g r a l s  a r e  c h a r a c t e r i s e d  by a r a p i d l y  v a r y i n g  
p h a s e  t e r m  a n d  a s l o w l y  v a r y i n g  m a g n i t u d e .  A s t a n d a r d  
t e c h n i q u e  is a v a i l a b l e  for t h i s  t y p e  of i n t e g r a l  c a l l e d  
the s t a t i o n a r y  p h a s e  m e t h o d  ( 5 6 ) .  In t h i s  c a s e  the
f i r s t  i n t e g r a l  ha s  no s t a t i o n a r y  p h a s e  p o i n t  so the n e x t  
b e t t e r  a p p r o x i m a t i o n  is b y  i n t e g r a t i o n  a r o u n d  P=1 or a 
b e t t e r  a p p r o x i m a t i o n  V(p)=1 . T h e  s e c o n d  i n t e g r a l  has a 
s t a t i o n a r y  p h a s e  p o i n t  at P=M- t a k i n g  M-^1 the s a m e  
a p p r o x i m a t i o n  p=1 a p p l i e s  or a g a i n  a b e t t e r
a p p r o x i m a t i o n  7(p)=1 . A l s o  m a k e  the s u b s t i t u t i o n
| ( p . p y dt = — ) dp ̂ Tl Z A 2  . 60




e'2^'dt A2  . 61
V (  ^  ) (  1 ♦ M - )TI z
T h i s  is a s t a n d a r d  F r e s n e l  i n t e g r a l  a n d  g i v e s
e'ir'p'̂ )'dp = ^Ro,
2Ro
A 2 . 6 2
g a n d  f ar e  s t a n d a r d  F r e s n e l  f u n c t i o n s  g i v e n  in
A b r a m o w i t z  a n d  S t e g u n  (1). S i m i l a r l y  for the s e c o n d  
i n t e g r a l  in Eq. A 2 . 5 9
d Kg (g *jf) f ^)(1 • p))a 2.63
R e c o n s t r u c t i n g  g i v e s
Jk 1 V ( é
2 z
Tl 2  R o l l
j Rp 
) z e z 4
(g . j f  ) (  V< ^ ) ( 1  • P ) )  » V ( |
2RoP
A2 . 64
T h e  a s y m p t o t i c  e x p r e s s i o n s  for the H a n k e l  f u n c t i o n s  a r e
h "> ( 2 R oH)  : . ^ ( 2 ^ ,  e '  z
j  (  2  R q F -  _  JL  )
Tl 2Rn|i A2 . 65
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h (2)( 2 R qP )
2 RgP ) e
_j(2RpË. E )
A 2 . 6 6
T h e s e  a s y m p t o t i c  e x p r e s s i o n s  a p p e a r  in 
e q . A 2 . 6 4  a n d  a s u b s t i t u t i o n  for Hg c a n  be m a d e .  T h i s
is n o t  s t r i c t l y  c o r r e c t ,  the a s y m p t o t i c  a p p r o x i m a t i o n  
for l a r g e  v a l u e s  of a r g u m e n t  m u s t  s t i l l  a p p l y .  H o w e v e r  
n u m e r i c a l  r e s u l t s  s h o w n  l a t e r  j u s t i f y  t h i s  s u b s t i t u t i o n ,  
Eq .  A 2 . 6 4  b e c o m e s
0 = ^  eJkz jk 1* j v< Hj>(
A2 . 67
S i m i l a r  a r g u m e n t s  l e a d  to a r e s u l t  f o r  w h i c h  is
0 = ÿJk
A 2  . 68
G r a p h s  of t h e s e  f u n c t i o n s  Eq. A 2 . 6 7  a n d
Eq. A 2 . 6 8  a r e  s h o w n  in f i g s .  A 2 . 1 8  to A 2 . 2 3  s h o w i n g
a c r o s s  a x i s  v a r i a t i o n  as w e l l  as on a x i s .  T h e  g r a p h s  
h a v e  n u m e r i c a l  r e s u l t s  of S c h o c h ' s  s o l u t i o n  to c o m p a r e  
t h e m  w i t h .  T h e  r e s u l t s  s h o w  e x c e l l e n t  a g r e e m e n t  w i t h  
S c h o c h ' s  s o l u t i o n  for the n e a r - f i e l d  r e g i o n ,  as the 
f a r - f i e l d  is a p p r o a c h e d  h o w e v e r  the s o l u t i o n  b e g i n s  to 
b r e a k  d o w n  as c a n  be c l e a r l y  s e e n  in fig s .  A 2 . 1 8  a n d  
A 2 . 1 9 .  A c r o s s  the a x i s  b o t h  e q u a t i o n s  ar e  g o o d
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a p p r o x i m a t i o n s  in the r e g i o n  x / a  or M- e q u a l s  a b o u t  0 . 5  
to 1.5, Eq. A 2 . 6 8  is g o o d  as the a x i s  is a p p r o a c h e d  but 
b r e a k s  d o w n  for x / a  g r e a t e r  t h a n  a b o u t  2. Eq. A 2 . 6 9  
b e c o m e s  a v e r y  p o o r  a p p r o x i m a t i o n  as the a x i s  is r e a c h e d  
a n d  in f a c t  as fig. A 2 . 1 9  s h o w s  b e c o m e s  c o n s t a n t  on 
a x i s .  I s o m e t r i c  p r o j e c t i o n s  of the tw o  e q u a t i o n s  a r e  
s h o w n  in f i g s .  A 2 . 2 5  a n d  A 2 . 2 6  w i t h  S c h o c h ' s  s o l u t i o n  in 
fig. A 2 . 2 4  for c o m p a r i s o n .
2 0 8
Figs. A2. 18 to A2. 23
The velocity potential in the near-field of a 
circular piston transmitter comparing Eq. A2. 68 
and Eq. A2. 69 with Schoch's result Eq. A2. 11. 
(Normalised to u^/jk ka=105)
Fig A2. 18 Along the surface x=a
Fig A2. 19 Along the axis x=0
Fig A2. 20 Across axis at z/a=a/ X
Fig A2.21 Across axis at z/a=a/ X
Fig A2.21 Across axis at z/a=3a/\4






































Eq. A2. 68, .0
0  . A
Eq. A2.67
Eq. A2.68Û


























Fig A2. 24 The velocity potential in the neai— field
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Fig A2. 25 The velocity potential in the near-field
of a circular piston transmitter according Eq. A2.67 (for x<a).
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Fig A2. 26 The velocity potential in the near-field
of a circular piston transmitter according Eq. A2.68 (for x>a).
(Normalised to U q/JK ka=105)
A p p e n d i x  3
H a n k e l  t r a n s f o r m  C o n v o l u t i o n
H a n k e l  t r a n s f o r m  c o n v o l u t i o n  or d o u b l e
c o n v o l u t i o n  is the s a m e  p r o c e s s  as F o u r i e r  t r a n s f o r m  
c o n v o l u t i o n ,  o n l y  in two d i m e n s i o n s  a n d  w i t h  c i r c u l a r
s y m m e t r y .  U n l i k e  F o u r i e r  c o n v o l u t i o n  no i n t e g r a l
e x p r e s s i o n  e x i s t s  for t h i s  p r o c e s s ,  c o n v o l u t i o n s  n e e d  to 
be w o r k e d  o u t  f r o m  t h e  b a s i c  p r i n c i p l e s  of F o u r i e r  
t r a n s f o r m  c o n v o l u t i o n .  T a k e  the f o l l o w i n g  e x p r e s s i o n  as
an e x a m p  l e .
T a k e  a c i r c u l a r  s y m m e t r i c  f u n c t i o n  f s u c h  t h a t  w h e n  it 
is F o u r i e r  t r a n s f o r m e d  in two d i m e n s i o n s  g i v e s  the 
f u n c  t i o n  F .
f (V(x^y') ) ------   F(u,v) A3. 2
T h e  H a n k e l  t r a n s f o r m  is r e l a t e d  to the F o u r i e r  t r a n s f o r m  
F by  :
F ( u , v ) = 2 n?(w) A 3 . 3
U s i n g  t h i s  we c a n  u s e  the two d i m e n s i o n a l  F o u r i e r
2 1 6
t r a n s f o r m  c o n v o l u t i o n  to g e t  the d o u b l e  c o n v o l u t i o n .  To 
c o n v o l v e  Eq. A 3 . 1  f i r s t  put
x ^+yZ A 3 . 4
T h e  t w o  d i m e n s i o n a l  F o u r i e r  c o n v o l u t i o n  is d e f i n e d  as
F ( u , v )  = I I f i (V (  u^+v^)) fz ( v (  (X - u ) %  ( y - v ) ' )  ) du dv A 3 . 5
H e n c e  the c o n v o l u t i o n  of Eq. 3.1 is
jRoü' 
e'  z . . 1 JL e (x-u)^+ ( y -v)^)
2 k du dv A 3 . 6
N o w  s u b s t i t u t e
u = p c o s Y  X = |icos  tp A 3  . 7
V =p s in Y y = p sin li; A 3 . 8
Eq. A 3 . 5  bee ome s
2 1 7
1 2 TI
i R ojl 
e' z • • 1
T h i s  i n t e g r a l  is f u r t h e r  r e d u c e d  in a p p e n d i x  2.
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